
 

 

 

CHAPTER ONE 

 

FUNCTION OF SEVERAL VARIABLES 

 

After completing these tutorials, students should be able to: 

 

 Find domain and range of  given functions 

 Sketch level curve and its graph of given functions 

 Sketch surface graph define by x, y, and z in 3 dimensions 

 Sketch the level surface graph of given functions 

 Verify the limit of given functions 

 Show that limit does not exist for a given function 

 Find the area R  in which the given function is continuous 

 Find the first order partial derivatives of the given functions 

 Find the second-order partial derivative of the given functions 

 Find the approximation values by using partial derivative method 

 Find the partial derivative  of  the given functions by using the chain rule 

 Find the local extremum of the given functions 
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Question 1 

Find domain and range for f ,then state the value of f  for the points given: 

 

(a) )4,1(),3,2();2/(),(  yxxyyxf  

 

Solution: 

 

x and y is defined in condition yxyx 2 assuch  ,02  . 

  yxyxyxDf 2,,:,  ,      yxfyxfR f ,:, . 

 
  

  2

3

4

6

322

32
3,2 





f ,  

  
  9

4

9

4

421

41
4,1 









f  

 

(b) )2,0,3(),2,2,1(;25),,( 222  zyxzyxf  

 

Solution: 

 

x, y and z is defined in condition 25 assuch  ,025 222222  zyxzyx . 

  25,,,:,, 222  zyxzyxzyxD f ,     5,,0:,,  zyxfzyxfR f . 

        41644125221252,2,1
222

f , 

        321240925203252,0,3
222

f  
 

(c) )1,1,2,9(),1,1,1,6(;5),,,(  xyzwwzyxf  

 

Solution: 

 

 y, z and w can be any values while x is defined only for 5 assuch  ,05  xx . 

  25,,,:,, 222  zyxzyxzyxD f ,     5,,0:,,  zyxfzyxfR f . 

      211561111,1,1,6 f ,       422591121,1,2,9 f  
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y 

z=0 

z=10/3 

z=5/3 

4 

3 

        Level Curve 

 

Question 2 

Sketch level curve for the following functions and then sketch its graph: 

 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
















916
15

22 yx
z     for 

3

10
,

3

5
,0k  

 

Solution: 

25
1

91625916
1

5916
1

916
15

22222222

22

kyxkyxkyx

k
yx

z



















 

When k=0, 1
34 2

2

2

2


yx

 

When k=
3

5
, 

9

8

5

1

3

5
1

34 22

2

2

2

2

2


yx

 

                             

   
 83.2,78.31

89128

1
89128

1
8

9

38

9

4

9

8

34

2

2

2

2

22

2

2

2

2

2

2

2

2









yx

yx

yx

yx

 

When k=
3

10
, 

9

5

5

1

3

10
1

34 22

2

2

2

2

2


yx

 

                   

   
 24.2,98.21

5980

1
5980

1
5

9

35

9

4

9

5

34

2

2

2

2

22

2

2

2

2

2

2

2

2









yx

yx

yx

yx

 

 

 

 

 

 

x 

z 
















916
15

22 yx
z

 

y 

x 

z=5/3 

z=10/3 

   3 4 
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(b) 22 yxz   for 4,3,2k  

 

 

Solution: 

222

22

kyx

kyxz




 

 

When k=2, 422  yx  

A circle with radius 2. 

 

When k=3, 922  yx  

A circle with radius 3. 

 

When k=4, 1622  yx  

A circle with radius 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 -2 3 -3 
x 

y 

k=4

 

k=3

 

4 -3 

k=2

 

      Level Curve 

z 

y 

  x 

2 

3 

4 
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Question 3 

Sketch surface graph define by x, y, and z in 3 dimensions 

 

(a) 11432  zyx  
 

Solution: 

11432  zyx  

When x=0, y=0     411114  zz .    411,0,0  

When x=0, z=0     311113  yy .    0,311,0  

When y=0, z=0     211112  xx .    0,0,211  

 

 

 

 

 

 

 

 

 

(b) 1343  zy  
 

Solution 

1343  zy  

When y=0     4/13134  zz .      4/13,0,x  

When z=0     3/13133  yy .       0,3/13,x  

 

 

 

 

 

 

 

 

 

 

 

(c) 1622  yx  
 

Solution: 

1622  yx . 

1
1616

22


yx

. 

A cylinder with radius 4.                    
 

 

z 

y 

x 

11432  zyx  

11/3 

11/4 

11/2 

11/3 

11/4 
1343  zy  

y 

z 

x 

y 

z 

x 

1622  yx  

4 
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(d) yz sin  

 

Solution: 

 

 

 

 

 

 

 

 

 

 

Question 4 

Sketch the level surface graph for the functions below when k =1: 

 

(a) 222),,( zyxzyxf   
 

Solution: 

kzyxzyxf  222),,(  

When k=1, .1222  zyx    A sphere with radius 1. 

 

 

 

 

 

 

 

 

(b) 22),,( yxzyxf   

 

Solution: 

kyxzyxf  22),,(  

When k=1, 122  yx .     A cylinder with radius 1. 

 

 
 

 

 

 

 

y 

x 

1 

1 

1 

.1222  zyx  

y 

x 

z 

y 

z 

x 

122  yx  

1 
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Question 5 

Verify the limit for the following functions: 

 

(a) 

 

 

 

 

 

 

 

 

)1ln(lim 32

)0,0(),(
yx

yx


  

 

Solution: 

  01ln01ln)1ln(lim 32

)0,0(),(



yx

yx  

(b) 

 

 

 

 

 

 

yx

xy

yx 

3

)2,1(),(
lim  

 

Solution: 

  
8

1

8

21

21
lim

33

)2,1(),(










 yx

xy

yx  

 

 

(c) 

xy

x

yx 



 3

2
lim

2

)0,0(),(  

 

Solution: 

3

2

03

20

3

2
lim

2

)0,0(),(











 xy

x

yx
 

 

 

Question 6 

Show that limit does not exist for the following functions: 

 

(a) 

 

 

 

 

 

 

 

 

 

 

22

22

)0,0(),( 2

2
lim

yx

yx

yx 



  

 

Solution: 

Consider the first line, 0x  and compute the limit as y  approaches 0. Thus, we 

have 

2

1

2

1
lim

2
lim

2

2
lim

)0,0(),(2

2

)0,0(),(22

22

)0,0(),(














 yxyxyx y

y

yx

yx
 

 

Similarly, for the second line, 0y  and compute the limit as x  approaches 0. Thus, 

we have 
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22lim
2

lim
2

2
lim

)0,0(),(2

2

)0,0(),(22

22

)0,0(),(






 yxyxyx x

x

yx

yx
 

 

Since the limits from two different directions are not the same, therefore 

22

22

)0,0(),(
lim

yx

yx

yx 




 does not exist. 

 

(b) 

12

)1(
lim

22)1,0(),( 



 yyx

yx

yx  

 

Solution: 

Consider the first line, 1 xy  and compute the limit as y  approaches 1. Thus, we 

have 

   
   

 
2

1

2
lim

12212

11
lim

1121

11
lim

12

1
lim

2

2

)1,0(),(22)1,0(),(

22)1,0(),(22)1,0(),(




















x

x

xxxx

xx

xxx

xx

yyx

yx

yxyx

yxyx

 

 

Similarly, for the second line, 1 xy  and compute the limit as x  approaches 0. 

Thus, we have 

 

   
   

 
2

1

2
lim

12212

11
lim

1121

11
lim

12

1
lim

2

2

)1,0(),(22)1,0(),(

22)1,0(),(22)1,0(),(























x

x

xxxx

xx

xxx

xx

yyx

yx

yxyx

yxyx

 

 

Since the limits from two different directions are not the same, therefore 

12

)1(
lim

22)1,0(),( 



 yyx

yx

yx
 does not exist. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 9 

Question 7 

Find the area R in which the following function f is continuous: 

 

(a) )1ln(),(  yxyxf  
 

Solution: 

101  yxyx . 

Area of R=   1,,:,  yxyxyx  

 

(b) y
exyxf




1
),(  

 
Solution: 

,0x  101  yy . 

Area of R=   1,0,,:,  yxyxyx  

 
(c) 











z
xyyxf

1
sin),(  

Solution: 

Area of R=   0,,,:,,  zzyxzyx . 
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Question 8 

Find the first order partial derivatives, xf  and yf  of the given functions. 

 

(a) 2 3( , ) 4 5 6f x y x y y x     

 

Solution: 

 
22 12     ,52 yxfxyf yx   

 

(b)  
2

3 2( , ) 2f x y x y y   

 

Solution: 

 

    1422     ,212 3232322  yxyyxfyyxyxf yx  

 

(c)    
2

( , )
xy

f x y x y e   

 

Solution: 

 

           

           

2 2 2

2 2 2

2 2 3

3 2 2

2 2 2 1 ,      

2 2 2 1

xy xy xy

x

xy xy xy

y

f x y e xy y e e x y xy

f x y e xy x e e x y x y

     

     

 

 

(d) 2 2( , ) ln( )f x y y x y  

 

Solution: 

 

    yyxyx
yx

yyxyf
x

y
xy

yx
yf yx  22

2

22
2

2

2 ln2
1

ln2     ,
2

2
1

 

 

 

Question 9 

Find all the second-order partial derivative, , , ,xx xy yx yyf f f f  of 
2 2

( , )
x ye

f x y
x y






 at point (0,1) 

 

 

 

 

 

 

 

 

Solution: 

 

   

   

   

   

2 2

2 2 2 2

1 1
,                       x y

x y y xy x y x xyy x
f f

x y x y x y x y

   
   

   
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      

   
 

2 2 2

4 3

0 2 1 2 2
,                                           0,1 2

1
xx xx

x y y x y y
f f

x y x y

    
    

 
 

 

      

 

     
   

 
  

0
1

012
1,0     ,

222122
34

2

4

22













 xyxy f

yx

yx

yx

yyyxyx

yx

yxyyyx
f  

 

      

   
 

 
2 2 2

4 3

0 2 1 2 02
,                                             0,1 0

1
yy yy

x y x x y x
f f

x y x y

   
   

 
 

 

      

 

     
   

 
  

0
1

012
1,0     ,

222122
34

2

4

22













 yxyx f

yx

yx

yx

xxyxyx

yx

yxxxyx
f  

 

Question 10 

Let ( , )z f x y . Find 
z

x




 and 

z

y




 

 

(a) 4 3sin( ) 0x xy yz   
 

Solution: 

 

      0sin 34

x
yz

x
xyx

x 












 

   

   

3 3 4 3 3

3 3 4 3 3

4 sin cos 0

4 sin cos

z
x xy x xy y y

x

x xy x y xyz

x y


  








 

 

     

 

 

4 3

4 3 2

5 2 3

sin 0

cos 3 0

3 cosz

y

x xy yz
y y y

z
x xy xy z y

y

z x y xy

y

  
   
   


  



 




 

 

(b) 3 2 2lnyz yz x y y z    
 

Solution 

 

     zy
x

yx
x

yzyz
x

223 ln













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2 2

2 2

2 2

1
3 2

1
3 2

2

1
3

z z z
yz y xy y

x yz x x

z
yz y xy

z x

z xy

x
yz y

z

   
   

   

 
   

 





 

 

 

     zy
y

yx
y

yzyz
y

223 ln













 

3 2 2 2

2 2 3 2

3 2

2 2

1
3 2

1 1
3 2

1
2

1
3

z z z
z yz z y x yz y

y yz y y

z
yz y z x yz

z y y

z x yz
z y

y
yz y

z

   
      

   

 
       

 

   





 

 

 

(c) 2 32 3xy xz yze e e x yz    
 

Solution: 

 

 2 32 3xy xz yze e e x yz
x x

 
     

 

 

3 2 2

2 2 3

3

2 2

2 3 2 3

2 3 3 2 2

2 2

2 3 3

xy xz yz

xz yz xy xz

xy xz

xz yz

z z z
ye e z x ye xyz x yz

x x x

z
xe ye x yz xyz ye ze

x

z xyz ye ze

x xe ye x yz

   
     

   


     



  


   

 

 

   3232 yzx
y

eee
y

yzxzxy









 

 

2 3 2 2

2 2 2 3

2 3

2 2

2 3 3

2 3 3 3

3

2 3 3

xy xz yz

xz yz xy yz

xy yz

xz yz

z z z
xe e x e z y x z x yz

y y y

z
xe ye x yz x z xe ze

y

z x z xe ze

y xe ye x yz

   
     

   


     



  


   
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Question 11 

Use partial derivatives to find an approximation if the values of (x, y) or (x, y, z) are 

changed as stated below.  

  

(a)   22 2, yxyxf  ,                  99.5,02.36,3   

 

Solution: 

 

   

 
  3

1

9

3

81

3

3629

3
6,3

2
22

2

1

22

2/122











x

x

f

yx

x
xyxf

,        

 

   

 
 

  3

4

9

12

81

12

3629

62
6,3

2

2
42

2

1

22

2/122











y

y

f

yx

y
yyxf

 

 

01.0     ,02.0  yx   

 

Therefore,     0067.001.0
3

4
02.0

3

1
 yfxff yx   

 

(b)   xyzexzyxf 2,,  ,                       02.0,04.1,97.00,1,1   

 

Solution: 

 

 
      2020,1,1

2 2

0

22





ef

yzxxeyzexxef

x

xyzxyzxyz

x
 

 

      0010,1,1 0

3





ef

zexf

y

xyz

y

    110,1,1 0

3





ef

yexf

z

xyz

z
 

 

,04.0     ,03.0  yx      02.0z  

 

Therefore,       04.002.0104.0003.02  zfyfxff zyx   
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Question 12 

Use partial derivative to find the approximation values. 

 

 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 2

1

(3.92) (3.01)
 

 

Solution: 

 

Let  
22

1
,

yx
yxf


   

 

Consider the changes from    01.3,92.33,4   

 

 
5

1

34

1
3,4

22



f  

 

   
 

 
  125

4

916

4
3,4

2
2

1

2/3

2/322

2/322
















x

x

f

yx

x
xyxf

,     

 

   
 

 
  125

3

916

3
3,4

2
2

1

2/3

2/322

2/322
















y

y

f

yx

y
yyxf

 

 

01.0     ,08.0  yx   

 

Therefore,     00232.001.0
125

3
08.0

125

4






 yfxff yx   

 

   
  20232.000232.0

5

1
3,4

01.392.3

1

22



 ff   

 

(b) 33.97 4(2.04) 3.96  

 

Solution: 

 

Let   zyxzyxf  34,,   

 

Consider the changes from    96.3,04.2,97.34,2,4   
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    2436448444,2,4 f  

 

    6364844,2,4        4 3  xx fzyf         

   

        16
6

1
1664844464,2,4

46124
2

1

2/1

2/13222/13









y

y

f

zyxyyzyxf

 

     
3

1

6

1

2

4
4,2,4        4

2
4

2

1 2/132/13 


zz fzy
x

zyxf  

 

04.0     ,04.0     ,03.0  zyx   

 

Therefore,       4467.004.0
3

1
04.01603.06  zfyfxff zyx   

    4467.244467.0244,2,496.304.2497.3
3

 ff   

 

 

Question 13 

Let 3 2 2( , , ) 3cos 2f x y z x y z yz x y    . Estimate the changes of the function if ( , , )x y z  

changes from (1,2, )
4


 to 

3
(0.99,1.96, )

16


.  

 

 Solution 

 

  yxyzzyxzyxf 2cos3,, 223      

The changes in ( , , )x y z  are    16/3,96.1,99.04/,2,1   , 

 

Thus, 

       

2 2 3( , , ) 3 2      

 1,2, / 4 3 1 4 / 4 2 1 3 2

-

x

x

f x y z x y z x  

f   

 

   
 

 

 

       

1/ 23( , , ) 2 3 sin 2

1,2, / 4 2 1 2 / 4 3 / 4 sin / 2 1/ 2 / 4 1/ 2

y

y

f x y z x yz z yz y

f     


  

    
 

 

      

3 2 3 sin       

1,2, / 4 1 4 3 2 sin / 2 4 6 2

z

z

f x y y yz 

f  

 

     
 

 

16/     ,04.0     ,01.0   zyx  
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Therefore,  

    






085.004.0125.002.001.002.003.0                                       

16
204.0

2

1

4
01.023




















 zfyfxff zyx  

 

 

Question 14 

The length, width and height of a recrangular box are measured to be 4 meter, 3 meter and 6 

meter respectively with a maximum possible error of 
50

168
 cm. Estimate the maximum possible 

error in calculating  

 

(a) The area of the surface  
 

Solution 
 

  yzxzxyzyxA 222,,   

     

     

      1432426,3,4          ,22

2062426,3,4          ,22

1862326,3,4          ,22







zz

yy

xx

AyxA

AzxA

AzyA

 

 

mcmzyx 336/1168/50    

 

      mzAyAxAA zyx 84/13336/52336/114336/120336/118    

  

(b) The volume of the box 
 

Solution: 
 

  xyzzyxV ,,  

 

   

   

    12346,3,4          ,

24646,3,4          ,

18636,3,4          ,







zz

yy

xx

VxyV

VxzV

VyzV

 

 

mcmzyx 336/1168/50    

 

      mzVyVxVV zyx 56/9336/54336/112336/124336/118    
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Question 15 

Use the chain rule to find 
z

x




 and 

z

y




. 

(a) 2 3 2 2 2cos ;  ,  z u v u x y v x y     

 

Solution: 
 

x

v

v

z

x

u

u

z

x

z
























 

      

 

       
   22472245

22223222223

222

sin2cos6

2sin3cos2

2sin3cos2

yxyxyxyx

xyxyxyxyxyx

xvuyxvu







 

 

 

y

v

v

z

y

u

u

z

y

z
























 

       

 

       
   22562236

2222332223

23

sin2cos4

2sin2cos2

2sin2cos2

yxyxyxyx

yyxyxyxyxyx

yvuyxvu







 

 

(b) 2 3 ;  sin ,  cosz uv u v u y x v x y     

 

Solution: 

 

x

v

v

z

x

u

u

z

x

z
























 

      

   
            

yxyyxyxxyxxyxyyx

yxyyxxyxyyxxyyx

yuuvxyvuv

cossincossin2coscossin3coscos

cossincossin2coscossin3cos

cos2cos3

3322322

322

322







 

 

 

y

v

v

z

y

u

u

z

y

z
























 

       

     

            
yxxyyyxyxyxxyxyx

yxxyyxxyxyxxyyx

yxuuvxvuv

sinsinsincossin2cossin3sincos

sinsincossin2sincossin3cos

sin2sin3

3323222

322

322






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Question 16 

Use the chain rule to find 
q

s




 if 2 32 2 5 ;q x y z    where 

 2 3 , , 4 3x r s t u y r t z s t u            

 Solution: 

 

     22 3460441522 utsz
s

z

z

q

s

x

x

q

s

q

























 

 

 

Question 17 

Use the chain rule to find 
p

t




 if cos sin ;p q r s    where 

2 sin , , 5q t r t s t    

 Solution: 

 

tttsrtt
dt

ds

s

p

dt

dr

r

p

dt

dq

q

p

dt

dp
5cos5sin2sin5cos1sincossin21 














  
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Question 18 

Assuming that the following equations define y  an implicit function of x  and ( )y f x , 

find 
dy

dx
 

  

(a) 3 2 2 32 3 4x x y xy y     

 

Solution: 

 

  0432, 3223  yxyyxxyxF  

 

Since  , 0F x y   and ( )y f x , then 

 

 
22

22

362

343

yxyx

yxyx

F

F

dx

dy

y

x




 . 

 

(b) sin 2xyxy xy e    

 

Solution: 

 

  0sin,  xyexyxyyxF  

 

Since  , 0F x y   and ( )y f x , then  

 

  
 

 

  x

y

exyxy

exyxy

x

y

xexyxxyx

yexyyxyy

F

F

dx

dy
xy

xy

xy

xy

y

x 


















cos

cos

cos21

cos21
2/1

2/1

2/1

2/1

. 

 

 

Question 19 

Assuming that the following equations define z  an implicit function of x  and y  while 

( , )z f x y , find 
z

x




 and 

z

y




. 

  

 

(a) 

 

 

 

 

 

 

 

 

 

 

 
3 2 2 2 32 3 4x z yz xy z x y z      

 

Solution: 

 

  0432,, 32223  zyxzxyyzzxzyxF  

 

Since  , 0F x y   and ( )y f x , then 
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 

 

2 2 3

3 2

2 2 2

3 2

3 3 2

4 3 1

2 6 3

4 3 1

x

z

y

z

x z y z xyFz

x F x yz xy

z xyz x yFz

y F x yz xy

  
  

   

   
  

   

 

 

(b) 2 3 2zx y x y e xyz z      

 

Solution: 

 

  0,, 232  zxyzeyxyxzyxF z
 

 

Since  , 0F x y   and ( )y f x , then 

 

 

 2 2

2 1

2

3

2

x

z

z

y

z

z

xy yzFz

x F e xy z

x y xzFz

y F e xy z

  
  

  

  
  

  

 

 

 

Question 20 

Find the local extremum of the following functions. 

 

(a)   51622, 3  yxyxyxf  

 

Solution: 

 

1) Find the critical points. 

 

  12

1

23

1
           

2     ,8                                        
3

1
           

162                                           26     

0162                    026

2

3

2

32

32












y

xx
x

y

xyx

xfyxf yx

 

 

Therefore, the critical point is at 









12

1
,2 . 

 

2) Determine whether the critical point are minimum, maximum or saddle points. 
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   

24                                      2                   

0
12

1
,2      26

12

1
,2        

12

1
212

12

1
,2

0                         ,6                              ,12

2

2

































yyxyxx

yyxyxx

fff

fxfxyf

 

 

and  

 

     5762402
12

1
,2

2









G . 

 

Since, 0
12

1
,2 








G , 

 

Therefore, there is a saddle point at 









12

1
,2f . 

 

(b)   yyxeyxf 422

,   

 

Solution: 

 

1) Find the critical points. 

 

 

   

                     2 ,042                      0 ,02            

042          02 44 2222



 

yyxx

eyfxef yyx

y

yyx

x

 

  

Thus, the Critical point is at  2,0 . 

 

2) Determine whether the critical point are minimum, maximum or saddle points. 

  

 

   

    4424

4

4424

22,0   ,422

02,0                      ,422

22,0                 ,42

2222

22

2222

efeyef

feyxf

efexef

yy

yyxyyx

yy

xy

yyx

xy

xx

yyxyyx

xx













 

 

and  

 

    040222,0 844  eeeG  

 

Since  0,2 0G  , 

  

Thus, there is a saddle point at  2,0f . 
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(c)   623, 2  yxxyxyxf  

 

Solution 

 

1) Find the critical points. 

 

143            

2                        23            

02          ,032







y

xxy

xfyxf yx

 

 

Therefore, Critical point is at  1,2 . 

 

2) Determine whether the critical point are minimum, maximum or saddle points. 

  

0     ,1     ,2  yyxyxx fff  

 

and 

 

    01102, baG . 

 

Since  2,1 0G   , 

 

Thus, there is a saddle point at  1,2f . 

 

(d)   23 62, xxyyyxf   

 

Solution 

 

1) Find the critical points. 
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  933  ,3         ,0  ,0  xyxy  

Therefore, the critical points are at    3,9 and 0,0  . 
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2) Determine whether the critical point are minimum, maximum or saddle points. 

 

2,                6,             12xx xy yyf f f y      

 

For  0,0 ,  

 

     0,0 2,         0,0 6,      0,0 0xx xy yyf f f      

 

and  

 

     03636020,0 G  

 

Since  0,0 0G  ,  

 

Thus, there is a saddle point at  0,0f . 

 

For  9, 3 , 

 

     9, 3 2,      9, 3 6,      9, 3 36xx xy yyf f f          

 

and 

 

     036363623,9 G . 

 

Since  9, 3 0G    and   023,9 xxf , 

 

Thus,  3,9 f  is a local minimum value. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


