CHAPTER ONE

FUNCTION OF SEVERAL VARIABLES

After completing these tutorials, students should be able to:

% Find domain and range of given functions

% Sketch level curve and its graph of given functions

% Sketch surface graph define by x, y, and z in 3 dimensions

% Sketch the level surface graph of given functions

s+ Verify the limit of given functions

% Show that limit does not exist for a given function

% Find the area R in which the given function is continuous

% Find the first order partial derivatives of the given functions

% Find the second-order partial derivative of the given functions

% Find the approximation values by using partial derivative method
¢ Find the partial derivative of the given functions by using the chain rule

% Find the local extremum of the given functions



Question 1
Find domain and range for f ,then state the value of f for the points given:

(a)

(b)

(©)

f (X’ y) = Xy/(X—Zy), (2!3)! (_1,4)
Solution:

x and y is defined in condition x — 2y = 0,such as x = 2y .
D, ={(x,y):x,yeR,x=2y}, R, ={f(x,y): f(x,y)eR}.
f(2,3): (2)(3) =£_ E f(—]_,4): (_1)(4) ___4=ﬂ

2-2B3) -4 2 —1-2(4) -9 9

f(xy,2)= \/25— x> —y*—12%;(1,-2,2),(-3,0,2)
Solution:

X, y and z is defined in condition 25— x* —y? —z? >0, such as x* + y* +z> < 25.
D, ={(x,y,z):x,y,z@R,x2+y2+z2 325}, R, ={f(xy,2):0< f(x,y,z)<5}.
f(1,-2,2)=+/25—(1) —(-2) —(2)} =25-1-4-4=+/16 =4
f(~3,0,2)=1/25-(-3) —(0F —(2) =v/25-9-0-4 =12 =23

f(x,y,z,w) =yzw++/x-5;(6111),(9,211)
Solution:

y, zand w can be any values while x is defined only for x—5>0,suchas x>-5.
D, ={(xy,2):x,y,2e R, X2 +y? +22 <25}, R, ={f(x,y,2):0< f(x,y,2)<5}.
f(6,111)=1)1)1)+V6-5=1+1=2 (9,211)=(2)1)1)+vV9-5=2+2=4



Question 2
Sketch level curve for the following functions and then sketch its graph:

(a) 2 2
z=5( 1—X——y—] for k:O,g,

w|5

X2 y' ok . X2 y: o K? x2+y2 K2
16 9 5 16 9 25 16 9 25

2 2
When k=0, x2 +y—2:1
3
5 x* oy 52 1 8
Whenk=—-, — 2 = _3_2.5_2_5 ,
x? y2 8 3“ z=0
2757 /w
XZ 9 2 9 //:§ » X
= y_._ &_g 7
42 8 3° 8 z
X2 2
128/9 +y? =1 Level Curve

( 12)(8/9)2 ¥ (\/yg)z ~1->(3.78,2.83)
10 x* | y? 10° 1 5

Whenk=—, —+-=1-— > =—
3'4 F 3?2 5 9

<




(b)

z=x*+y? for k=234

Solution:
z=4/x*+y? =Kk

x* +y?=k?

When k=2, x*+y* =4
A circle with radius 2.

When k=3, x*+y*=9
A circle with radius 3.

When k=4, x* +y* =16
A circle with radius 4.

Level Curve




Question 3
Sketch surface graph define by x, y, and z in 3 dimensions

(@)

(b)

(©)

2x+3y+4z=11

Solution:

2x+3y+4z=11

Whenx=0,y=0 4z=11—1z=114. (0,0,11/4)
When x=0,z=0 3y =11—y=11/3. (0,1/3,0)
Wheny=0,2=0 2x=11->x=11/2 (11/2,0,0)

3y+4z=13

Solution

3y+4z=13

Wheny=0 4z=13->7z=13/4. (x,013/4)
Whenz=0 3y=13—y=13/3. (x13/30)

z

11/4 3y+4z=13
/ 1 Y
X
x*+y?=16 2
A
) — |
Solution: T .
-16
x2 +y? =16. Ty
2 2
.Y 4 — P
16 16
A cylinder with radius 4.
— |
X/\_/




(d z=[siny|

Solution:

Question 4
Sketch the level surface graph for the functions below when k =1.:

@  f(xy,2)=x*+y*+7?
y y

Solution:
f(x,y,2)=x*+y*+2° =k
When k=1, x* +y®+z>=1. A sphere with radius 1.

d)  f(xy,z)=x*+Yy?

Solution:
f(x,y,2)=x*+y? =k
When k=1, x* +y®=1. A cylinder with radius 1.

z
A

— |
\_/
x?+y?=1
V| » Y
L _——11 w




Question 5
Verify the limit for the following functions:

(@)

(b)

(©)

lim In(l+x?y?
(x.)(0,0) ( y)

Solution:

lim In(l+x?y®)=In(1+0)=In1=0

(x,y)—(0,0)

3
lim Y
(xY)=>(-12) X + Y

Solution:

3 . 3
im Y U _-8_ g
-1 x+y  —=1+2 1

NG)
im
(x)(0.0) 3+ Xy

Solution:
X2 =2 _0-2 2

lim =——=
-0 3+xy  3+0 3

Question 6
Show that limit does not exist for the following functions:

(@)

2X2 _ y2
(x)-(00) X% + 2y?

Solution:
Consider the first line, x =0 and compute the limit as y approaches 0. Thus, we
have

2x2—y? — y’ R |

im ———=lim ~= lim —=
>0 X2 42y ()00 2y2 (o000 2 2

Similarly, for the second line, y =0 and compute the limit as x approaches 0. Thus,
we have



2x%> —y? o 2x? :
2—y2 = I|m —2 = I|m 2 = 2
(x,y)—(0,0) X +2y (xy)—(0,0) ¥ (x,y)—(0,0)

Since the limits from two different directions are not the same, therefore
2 2

+ .
yz does not exist.

lim 5
(xy)-00 x* —y

(b)

lim U=
()= X° +y* -2y +1

Solution:
Consider the first line, y = x+1 and compute the limitas y approaches 1. Thus, we
have
lim — X(zy_l) = lim X(le_l)
-0 X +y? =2y +1 -0 X% 4 (x+1)* = 2(x +1)+1
: x(x+1-1) ox2 1
(>0 X2 4+ X2 +2X+1-2X =241 (xy)->0D 2x> 2

Similarly, for the second line, y=-x+1 and compute the limit as x approaches 0.
Thus, we have

x(y-1) - X(—x+1-1)
()0 X2 4+y? =2y +1 )00 x2 4 (= x+1) —2(=x+1)+1
, (- x+1-1) X1
= lim = lim =—=

o) X2 4 X2 2X 414 2X =241 o 2% 2

Since the limits from two different directions are not the same, therefore

lim — x(g/—l) does not exist.
()= X° +y* -2y +1



Question 7
Find the area R in which the following function f is continuous:

@ f(xy)=In(x+y-1)

Solution:
X+y-1>0=x+y>1.

Area of R={(x,y):x,y e R, x+y>1}
®)  fxy)=Vxe™

Solution:
x>0, 1-y>0=y<1.

Area of R={(x,y):x,y e ®,x>0,y <1}

© f(x,y)= xysin[%)

Solution:
Area of R={(x,y,z):x,y,ze R,z #0}.
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Question 8
Find the first order partial derivatives, f, and f  of the given functions.

@  f(x,y)=xy+4y*—5x+6
Solution:

f,=2xy-5 f, =x*+12y’

X

Oty =(2xy? -y

Solution:

f, :12x2y2(2x3y2 - y), f, = 2(2x3y2 - yX4x3y_1)
©  f(xy) =(x+ y)e("y)2

Solution:

f,=(x+ y)e(xy)2 2(xy) y+e(xy)2 — e’ (2x2y2 +2xy° +1),

f, =(x=+ y)e(xy)z Z(Xy)x+e(xy)2 — e (2x3y+ 2x%y? +1)

d)  f(x,y)=y?In(x?y)

Solution:
1 2y? 1
f =y?.—.2xy=—"2—, f =2yIn(x®y)+y?*-—x® =2yIn{x’y)+
S vl A yy(y)yxzy yIn(x?y)+y
Question 9
X+y
Find all the second-order partial derivative, f,, f,,f,, f  of f(x,y)=——— atpoint(0,1)
X“+y
Solution:
f_(x+y)y—xy(1)_ y? f_(x+y)x—xy(1)_ G
X - y — -

(x+y)2 (x+ y)z’ (x+y)2 (x+y)2



(x+y) (0)-y*2(x+y)(1) _ -2y’

XX

(x+y)4 (x+ y)?”

11

¢ _ryFey)-y?alxr ) _ (e yfxryey)-2y?] - 2yx i (02)= 200 _,

N (x+y)* ) (x+y)*

o Oy (0-x2(x+y)(1) _ -2x |
! (Xﬂ/)4 (x+y)3

¢ (x+y)(@x)-x*2(x+y)1) _ (x+ y)[(x+ y)2x)— 2x2]

(x+y)

__2WX fyx(o,1)=M=0

a (x+y) (x+y)
Question 10

Let z=f(x,y). Find ? and a
X

oy
(@  x*sin(xy®)—yz=0

Solution:

0 . 0 0
2 sl -2 ()2 0

. oz
4x3sm(xy3)+ x* cos(xys)y3 — ygzo
oz 4Csin(xy®)+x‘y*cos(xy®)
x y

Or 4. 3 0 0

5[x sm(xy )]—5(yz):5(0)
oz

4 3 3 2_ _ _:O

X" cos(xy* ) 3xy” -z yay

oz -1 +3x°y? cos(xy3)

oy y

(d)  yZ-Inyz=xy+y?z

Solution

2 e iyl ey 2 (%)

(x+y)*



(©)

12

ox yz\'~ ox
(3yzz—1—y2j@—2xy
oz 2Xy
OX 3yzz_1_y2
z
O 3 0 (.- 0 ( -
—|yz° =Inyz|=—(xy)+—\y“z
 fu el )+ Ly
oz 1 0z 0z
z3+3y22———(z+y—]:x2+2yz+y2—
oy yz oy oy
(Byzz—l—yzj@:—23+1+x2+2yz
z oy y

—23+1+x2+2yz
oz _ y

oy 3y22_§_y2

e —2e” +3e” = x°y7®

Solution:

% eV —2e* +3eyZ] = %(xzyf)

ye¥ —2e°| z+ x & +3ye” a_ 2xyz® +3x%yz? a
OX OX OX
(—2xeXZ +3ye” —3x%yz? )g_z =2xyz® — ye¥ +2ze*
X

oz 2xyz’ —ye” +2ze”
Ox  —2xe™ +3ye” —3x°yz®

2[ex" —2e” +3eyz]: 2(x2y2‘°’)

oy oy

xe” —2exzxg+3eyZ (z + yQJ =x°2° +3x%yz? a
oy oy

(—2xe™ +3ye” —3x2y22)% = Xx22° —xe¥ —3ze”

oz x*7°—xe¥ -3ze”
oy —2xe” +3ye” —3x°yz?




Question 11
Use partial derivatives to find an approximation if the values of (x, y) or (X, y, z) are

changed as stated below.

@ f(xy)=x2+2y?, (36) — (3.02,5.99)

Solution:
fX=—X2 2y2 —1/22 _ X

by e
a8 =2 3.1
U Jo+2(36) 81 9 3

&=0.02, & =-0.01
4
Therefore, &f = f o+ f,o = (0 02)+ 3( 0.01) = —0.0067

(b)  f(xy,z)=x%", (1,1,0) > (0.97,1.04,0.02)

Solution:

f, =2xe™ +x’yze™” =exyz(2x+ xzyz)
f (110)=e’(2+0)=2

f, = x3ze™ f, =x%ye?
f,(11,0)=1(0)° = f,(11,0)=1e’ =1

Xx=-0.03, =004, o&=0.02

Therefore, & = f,ok+ f,dy + f,& = 2(—0.03)+0(0.04)+1(0.02) = —0.04



Question 12
Use partial derivative to find the approximation values.

(a) 1
{(3.92) +(3.01)?

Solution:
1

Consider the changes from (4,3) — (3.92,3.01)

Let f(x,y)=

F(43)=—— =%

V4?2 +3?

1 i _
R

-3 -3
B e 125

& =-0.08, & =0.01

-4 -3
Therefore, & = f, &+ f oy = —(-0.08)+—1(0.01) = 0.00232
/& = 55 (-0.08)+ —=(0.01)

1

L = f(43)+f =2 +0.00232 = 0.20232

J(3.92) +(3.01)

() 3.97,/4(2.04)° +3.96

Solution:

Let f(X,y,z)=xy4y>+z

Consider the changes from (4,2,4) — (3.97,2.04,3.96)

14
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f(4,2,4)=4,4(8)+4 =436 =24

f,=+4y’+z  £(424)=/48)+4=36=6

f, :%x(4y3 + 2)71/212y2 = 6xy2(4y3 + 2)71/2
f,(424)= 6(4)aYalg) - 4)** =6-16-> =16

_i 3 U2 X(, 3 -1/2 ZE.EZE
f = 2x(4y +z) = 2(4y +z) f,(4,2,4) 553

X=-0.03, =004, oz=-0.04

Therefore, of = f,ok+ f,oy + f,oz = 6(—0.03)+16(0.04)+ %(— 0.04) = 0.4467

+.3.97,/4(2.04) +3.96 ~ (4,2,4)+ & =24+ 0.4467 = 24.4467

Question 13
Let f(x,y,z)=x"y?z+3cosyz+x?—.f2y . Estimate the changes of the function if (x,y,z)

changes from(l,Z,%) to (0.99,1.96,%).

Solution

f(x,y,2)=x3y?z+3cos yz +x 7% —J2y
The changes in (x,y,z) are (1,2,7/4)— (0.99,1.96,37/16),

Thus,

f (x,y,2) =3x°y?z—2x>

f (12,7/4)=3(1)(4)(x/4)-2(1)=37-2
f,(x,y,2) =2x’yz-3zsin yz —(2y)fl/2
fy (1,2,71'/4) = 2(1)(2)(72'/4)—3(7[/4)Sin ml2-1/2=n/4-1/2

f, =x’y?—3ysinyz
f,(L2,7/4)=(1)(4)-3(2)sin7/2=4-6=—-2

Xx=-0.01 o&=-0.04, oz=-7/16



Therefore,
7 1 T

& = fox+ f,oy+ f,0 = (37— 2)(-0.01)+| = - |(-0.04)- 2 — =
4 2 16
=—0.037+0.02-0.017 +0.02 +0.1257 = 0.04 + 0.0857

Question 14
The length, width and height of a recrangular box are measured to be 4 meter, 3 meter and 6

16

meter respectively with a maximum possible error of % cm. Estimate the maximum possible

error in calculating

(@)

(b)

The area of the surface
Solution

AX,Y,2)=2xy + 2xz + 2yz

A =2y+2z, A (4,36)=2(3)+2(6)=18
A, =2x+2z, A,(4,36)=2(4)+2(6)=20
A, =2x+2y, A, (4,36)=2(4)+2(3)=14

X =y =& =50/168cm =1/336m

A=A X+ A+ A,d=18(1/336)+20(1/336)+14(1/336) = 52/336 =13/84m

The volume of the box

Solution:

V(x,y,2)=xyz

V, =yz, V,(4,3,6)=3(6)=18
Vv, =xz, V,(4,36)=4(6)=24
V, =xy, V,(4,3,6)=4(3)=12

X =y = =50/168cm =1/336m

N =V, K+V, &y +V,d =18(1/336)+ 24(1/336)+12(1/336) = 54/336 = 9/56m



Question 15

Use the chain rule to find 6—2 and 8—2
OX oy

(@ z=u?cosv; u=x%? v=x*+y°
Solution:

a_ow @

oX QU X v ox
=2ucosv-3x%y® +u?(-sinv)- 2x
= 2(x®y?)cos(x? + y? Bx?y? — (x°y? f sin(x? + y? ox
= 6x°y* cos(x? + y?)—2x"y* sin(x? + y?)

0z 07 ou 07 ov
_— = e —

=2ucosV-2x%y +u?(-sinv)- 2y

_ Z(ngz)COS(XZ n y2)2x3y—(x3y2)2 Sin(XZ N yz)zy
=4x°y?® cos(x2 + yz)— 2x°y® sin(x2 + yz)

(b) z=uv®—uPv; u=ysinx, v=xcosy
Solution:

oz _orou, oo

OX Ou OX oV OX
= (v* =3u?v)- ycos x + (2uv —u®)-cos y
= [(x cosy)’ —3(ysin x)*(xcos y)]y COS X + [Z(ysin x)xcos y)—(ysinx)’ ]cos y
= x?ycos? ycos x —3y®xsin? xcos y cos X + 2yxsin xcos® y — y®sin® xcos y

0z 07 ou 07 ov
_— = e — . —

= (v =3uv)-sin x + (2uv —u®)- (- xsin y)
= [(x cosy)* —3(ysin x)*(xcos y)]sin X — [2(ysin x)xcos y)—(ysin x)’ ]xsin y
= x? cos” ysin x —3y?xsin® xcos y — 2yx” sin xcos ysin y + y*xsin® xsin y

17
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Question 16

Use the chain rule to find Z_q if g=2x+2y*-5z% where
S

X=—T+25+t-3U,y=r+t,z=—4s—t+3u
Solution:

a—O'=a—q@+5—q@=2-2+(—15z2)-(—4)=4+6o(—4s—t+3u)2
oS OX 0s 0z 0Os

Question 17
Use the chain rule to find Z—Ft) if p=qg-—cosr+sins; where
q=sin’t,r =t,s =5t
Solution:

dp _p dq, op dr op ds

= =1-2sintcost+sinr-1+coss-5=sin 2t +sint + 5cos 5t
d oq dt or dt os dt



Question 18
Assuming that the following equations define y an implicit function of x and y = f(x),

find d_y
dx

(@ xX*-—2xy+3xy*+y* =4
Solution:
F(x,y)=x>—2x2y +3xy’ +y* —4=0

Since F(x,y)=0 and y = f(x), then

dy F _ —(3x2 —4xy+3y2)
dx F, —2x>+6xy+3y®

y
(0)  \[xy +sinxy+e¥ =2
Solution:
F(x,y)=1/xy +sinxy +e? =0

Since F(x,y)=0 and y = f(x), then

dy F —[J/Zy(xy)*“2 + Yy COS Xy + yexy]__l(xy)‘“2 +cosxy+e¥
dx  F,  1/2x(xy)"? +xcos xy + xe® X (xy)"'? +cosxy+e¥ X
Question 19
Assuming that the following equations define z an implicit function of x and y while

z=f(x,y), find a and 8_2
OX

oy

@ xz-2yz2?+3xy’z+x’y’+z=4
Solution:
F(x,y,2)=x2-2yz? +3xy’z+x*y* +2-4=0

Since F(x,y)=0 and y = f(x), then



oz F —(3x22 +3y22+2xy3)

ox F x* —4yz +3xy* +1

z

az F —(—222 +6xyz+3x2y2)

oy F, X —4yz+3xy*+1

z

(b) XPy+x+y +el—xyz=17°

Solution:
F(x,y,2)=X2y+x+y* +e* —xyz —2z° =0
Since F(x,y)=0 and y = f(x), then

oz F —(2xy+1-yz)

x F, e'—-xy-2z

oz F, —(¥+3y"-xz)
E F e’ —xy—2z

Question 20
Find the local extremum of the following functions.

@ f(x,y)=2xy—2x+16y -5
Solution:

1) Find the critical points.

f,=6x’y-2=0 f,=2x*+16=0
6x%y =2 2x° =-16
1 3
=— X°=-8, x=-2
Y =30
y= L.t
(-2 12

Therefore, the critical point is at(— 2%} .

2) Determine whether the critical point are minimum, maximum or saddle points.

20



(b)

f =12xy, f, =6x7, f, =0

1 1 1 2 1
f.|-2—|=12(-2)— fol —2,— |=6(-2 fl-2—1(=0
XX( 12) ( )12 y( 12] ( ) W( le
and

G(— 2, %) =(~2)0)-(24)° =-576.
Since, G(— 2%} <0,

Therefore, there is a saddle point at f(— 2, %) .

f(x,y)=ex+
Solution:

1) Find the critical points.

fo=2xe =0 f =(-2y+4R Y =0
2x=0,x=0 —2y+4=0,y=2

Thus, the Critical point is at(0,2).

2) Determine whether the critical point are minimum, maximum or saddle points.

foo = 26" 4 axPe f,.(0,2)=2¢*
f, =2x(=2y +4)" Y, f,(0,2)=

f,, =—2e" 7" 4 (-2y+afe Y, 1 (0,2)=-2¢"
and

G(0,2) = 2e*(~2¢*)—0=—4e® <0
Since G(0,2)<0,

Thus, there is a saddle point at f(0,2).

21



(©)

(d)

f(x,y)=Xx*+xy+3x+2y—6

Solution

1) Find the critical points.

f,=2x+y+3=0, f,=x+2=0
y=-3-2X X=-2
y=-3+4=1

Therefore, Critical point is at (- 2,1).

2) Determine whether the critical point are minimum, maximum or saddle points.

and
G(a,b)=2(0)-1=-1<0.
Since G(-2,1)<0,

Thus, there is a saddle point at f(—2,1).

f(x,y)=2y* —6xy — X
Solution
1) Find the critical points.

fX:_Gy—ZXZO,

2X = -6y,

X =-3Yy

fy:6y2—6X:0

6y —6(-3y)=0

6y? +18y =0

6y(y+3)=0, y=0, y=-3

Therefore, the critical points are at(0,0)and (9,-3).

22



2) Determine whether the critical point are minimum, maximum or saddle points.

fo =2, f, =6, f, =12y

and

G(0,0)=(-2)0)-36=-36<0

Since G(0,0)<0,

Thus, there is a saddle point at f(0,0).

For (9,-3),

f.(9,-3)=-2 f,(9,-3)=-6, f,(9,-3)=-36
and

G(9,-3)=(-2)-36)-36=36>0.

Since G(9,-3)>0 and f,(9,-3)=-2<0,

Thus, f(9,-3) is a local minimum value.
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