CHAPTER ONE

SECOND ORDER LINEAR DIFFERENTIAL EQUATION

After completing these tutorials, students should be able to:

find the general solution of the given homogeneous differential equations

solve homogeneous differential equations of the given initial value problem

find the general solution of the given non-homogeneous differential equations by
using the method of undetermined coefficients

solve non-homogeneous differential equations of the given initial value problem by
using the method of undetermined coefficients

find the general solution of the given non-homogeneous differential equations by
using the method of variation of parameters

solve non-homogeneous differential equations of the given initial value problem by

using the method of variation of parameters



Question 1
Find the general solution of the given differential equation.

@ y-2y+y=0
Solution:
m’>-2m+1=0
(m-1)(m-1)=0
m=1
Real but repeated roots.
-y =Ae" +Bxe”

()  y +5y +6y=0
Solution:
m2 +5m+6=0
(M+3)(m+2)=0
m=-30rm=-2
Real and different roots

Ly = Ae ¥ 4 Be

€ 2y +2y +y=0
Solution:
2m?+2m+1=0

mZQiJf—Ma@

2(2)

1.1,
S
2 2

Complex conjugate roots (a=+bi)

1, 1 1
Ly=e? (Acos§x+ Bsin=x)

(d)  y+9y=0
Solution:
m’>+9=0

m’ = -9

m= -9
= +3i

Complex conjugate roots (a=*bi)
..y = Acos 3x + Bsin3x



Question 2
Solve differential equations of the given initial problem.

(@ 9y"-12y'+4y=0; y(0)=2; y'(0)=-1
Solution:
9m® —12m+4 = 0

@Bm-2)(3m-2)=0

y(0)=2
y(0)=Ae’+0=2
A=2

y'(0)=-1
2, 2, 2,
y':gAe3 + Be? +nge3
3 3
1 2 0 0
y(O):gAe +Be"+0=-1

2p+B=-1

2 7 2%
Y (X) =268 —gxe3

(b)  y™+y'=0;y0)=2; y'(0)=1

Solution:

2
m +m=0

m(m+1)=0

m=0or m=1



Real and different roots
. y=A+Be
y(0) =2
y(0) = A+ Be
2=A+B
A=2-B — (eql)
y'(0) =1

y'(x) = -Be "
yi(0) = -B
1=-B

B=-1- (eq2)

Substitute (eq2) into (eql)
A=2-(-1)

A=3

Ly(x)=3-¢ "

z"-22'-22=0; z(0)=0; z'(0)=3

Solution:

m’> —2m—2=0

m:—eaikﬂf—MM4>

2(1)
m = 2.732 or m = -0.732

Real and different roots

2.732x -0.732x
S Z = Ae + Be



Z(0)=0

Z(0)=A+B

0=A+B

A=-B — (eqd)

Z2'0)=3

Z'(x) = 2732 _0.732Be ¥
Z'(0) = 2.732A - 0.732B
3=12732A—-0.732B —> (eq2)
Substitute (eql) into (eq2)

3 =2.732(-B) - 0.732B

B = —0.866

A = —(-0.866)

A = 0.866

Z(x) = 0.866e> 2" — 0.866e "

Question 3
Find the general solution of the given non-homogeneous differential equation by using the
method of undetermined coefficients

(@ y"—2y'-3y=3e*

Solution:
m’> —2m-3=0

(mM-3)(m+1) =0
m=30rm=-1

Real and different roots
LYy = Ae” 1+ Be



f(x) = 3¢~

Ve = ce2X — (eql)

Y'Y = 206" — (eq2)

y ' = 4ce2x — (eqg3)

Substitute (eql), (eq2) and (eq3) into y — 2y — 3y = 3¢>*

4ce2x - 2(20e2x) - 3(ce2x) = 3e2x

2X 2X
-3ce =3e

Equate the coefficinet :
-3c=3

c=-1

Ly = Ae™* +Be ¥ —e*
(b) y"+2y'+5y=23sin2x

Solution:

m2+2m+5=0

242" — 4Q)(5)

2(1)

m =

m=-1+2ij

Complex conjugate roots (a=*bi)
LYy = e " (Acos 2x + Bsin 2x)

f (x) = 3sin 2x

Yy = Pcos2x +qgsin2x — (eql)

Y, =-2psin2x + 2qsin 2x — (eq2)
y", = —4psin2x — 4qgsin 2x — (eq3)

Substitute (eql), (eg2) and (eq3) into y +2y +5y = 3sin2x
—4psin 2x — 4qsin 2x + 2(—2 psin 2x + 2qsin 2x) + 5(p cos 2x + gsin 2x) = 3sin 2x



(©)

Equate the coefficient :

sin 2x :
-40-4p+59=3

q-4p=3— (eq4)

COS 2X :

-4p+4q+5p=0
p+4g=0

p =—4q — (eqd)

Substitute (eg5) into (eq4) :
q-4(-4q) =3

g+16q9g =3

179 =3
a-5
p=-4(5)

12
P=-17

Sy =g (Acos2x + Bsin2x) — %cost + %sin 2X

2y"+3y'+y =x>+3sinx

Solution:

om® +3m+1=0

@2m+1D(m+1) =0

_ 1 _
m_—zorm_—l

Roots are real and different

X

oy, =Ae ? +Be

—-X

f(x) = xk + 3sin X
Yy = a2x2 +aX+a, + pcosx +gsinx — (eql)
y' =2a,Xx+a — psinx+qcosx — (eq2)

y", =2a, — pcosx—qgsinx — (eq3)



Substitute (eql), (eg2) and (eg3) into 2y +3y +y = x> + 3sin x

2(2a5 — pcosx —gsin x) + 3(2aoX + a; — psin X + ¢ €os X)

2 . 2 .
+(apX +agX+ag + pcosx+qgsinx) =x +3sinx

Equate the coefficient :

6a, +a =0
6(1)+a =0
a =-6

0
X

4a2 +3al +a, =0
4(1) +3(-6) +a, =0

a, =14

sinx:
-20-3q+09=3

-0 —-3p=3—> (eqd)
COS X :
-2p+3q+p=0
3qg—-p=0

p =3q — (eqd)

Substitute (eq5) into (eq4)
—q-3(3q) =3
-10q =3

3
97710



9
P="10
X
y=~Ae2+Be 1%’ —6x+14—%cosx—%sinx
Question 4

Solve the given initial problem

@ y"+y-2y=2x; y(0)=0; y'(0)=1
Solution:
m2 +m-2=0

(mM+2)(m-1)=0
m=-20rm=1

Roots are real and different

LYy = Ae " + Be”

f(x) = 2x

Yy = ax+a; —> (eql)

Y'x =8 — (eq2)

y". =0—(eq3)
Substitute (eql), (eq2) and (eq3) into y" + yl -2y = 2x
(0) + (a)) —2(ax + a,) = 2x

Equate the coefficient :

1
X

—2a1=2

, =1



0 -

X
a —2a,=0

(-1) - 2a, =0

2=}

Ly = Ae > + Be® —x—}z
y(0) =0:

0=ne " +Be” —(0)-3

A+B=%—>(eq4)

y (0)=1:
y =—2Ae X +Be -1

1= 22 L ge@

-1
2A-B=-2
B=-2-2A— (eq5)
Substitute (eq5) into (eq4)
A+ (-2-2A)=3

1
A:_‘Z
B=-2-2(-3)
B=1

10



11

(b) y"+4y=3sin2x; y(0)=2; y'(0)=0

Solution:

m2+4=0

Y, = Acos2x + Bsin 2x

f (x)3sin 2x
Y = X(pcos2x + qgsin2x) — (eql)
Y', = pcos2x +gsin2x + x(-2psin 2x + 2q cos 2x) — (eq2)

Yk =—2psin 2x + 2qcos 2X + (=2 psin 2x + 2q cos 2x) + X(—4cos2x — 4qsin 2x) — (eq3)

Substitute (eql), (eq2) and (eg3) into y + 4y = 3sin 2x
—2psin2x + 2qcos 2x + (—2psin 2x + 29 ¢cos 2x) + x(—4cos2x — 4gsin 2x)
+4x(pcos2x + qsin 2x = 3sin 2x

Equate the coefficient:
sin 2x :

-2p-2p=3

—4p=3

P="17

g==0

.y = Acos2x + Bsin 2X—%XCOSZX



(©)

y(0) =2
2 = Acos 2(0) + Bsin 2(0) - § (0) cos 2(0)

A=2

y (0) = -1

y = —2Asin 2x + 2B cos 2x —%cost +§szin 2X

~1= ~2Asin2(0) + 2B cos 2(0) - 5 c0s2(0) + 3 (0)sin 2(0)

1
ZB:—Z
Bz_g

R 1. 3
Sy = 2c052x—gsm2x—zx0052x

y"-2y'-3y=3xe™; y(0)=1; y'(-) =1

Solution:

m2—2m—3=0

(mM=-3)(m+1) =0
m=3o0rm=-1
LYy = Ae” +Be "
f(x) = 3xe”
2
Yy = (3x+3,)(e") - (eqD)
Y'Y = alezx + 2a1xe2X + 2a0e2X — (eq2)

Yk = 2a1e2X + 2a1e2X + 4a1xe2X + 4a0e2X — (eq3)

Substitute (eql), (eq2) and (eq3) into y —2y —3y = 3xe’
(2a1ezx + 2a1e2X + 4a1xe2X + 4aoe2X) — 2(alezx + 2a1xe2X + 2a0e2X)

—3(a1xe2X + aerX) = 3xe2x

12



Equate the coefficient:

2X
Xe .

—331—4a1+4a1=3
-3a, =3

a =-1

2X
e

—3a0 - 2a1 - 4a0 + 4::11 + 4aO =0

-3a, — 2(-1) —4a, +4(-1) +4a, =0

—3aO =2

y = Ae” +Be " — xe™ —% 2
y(0) =1
1= 2> +Be @ —(0)e®” - %62(0)

A+B =3 > (eqd)

y (0)=0

X 4 2X

y = 3Ae”" —Be - 2xe” _§62x —e

A0 g _50ye2® _ %ez(m &2

_ 4
0—3A—B—1—73

0 =3Ae

_ 7
3A—B—g

B =3A -4 — (eqb)

Substitute (eg5) into (eq4)
A+BA-%)=3

A=1

B=31-4%
2

B=3

13



Question 5
Find the general solution of the given differential equation by using the method of
variation of parameters.

(@) y"+4y=3csc2x
Solution:

Step 1:
m’+4=0
m=+2i
Yy, = Acos2x + Bsin 2x
y, =C0S2X , Y, =Sin2X

Step 2:
COS 2X sin 2x
-2sin2x 2co0s2x

= 2c0s® 2X + 2sin? 2x
=2

Step 3:
U= _I (sin2x)(3csc 2x) dx
1(2)

3
:—EX'FC:L

V:I(COS 2X)(3csc 2x) dx
1(2)
_ 3 c0s2x

2 sin2x

:§In|u|+c

4 2

:§In|sin 2x|+c
4

Step 4:

y= (—gx+cl)c052x+(iln|sin X|+c,)sin 2x



(b)

(©)

y"-5y'+6y= 2eX
Solution:

Step 1:
m’-5m+6=0
(m-2)(m-3)=0
m=2or m=3
y, = Ae”* + Be*

yl :e2x , y2 :es‘x

Step 3:
e3x 2ex
u= __[ eSx

=2e " +¢

dx

V= I e2;52X e dx
= ZI e 2*dx

=—e7 +¢,

Step 4:
y=(2" +c)e”* +(—e > +c,)e*

X

4y"-4y'+y =16e2

Solution:
Step 1:
4m? —4m+1=0
(m-1)?>=0
1
m e
2

15



Step 2:

e? xe?
W=l g
—e? e’ +—xe?
2 2
=e><
Step 3
.1,
2 2
:_J-xe 1?e dx
de
:—2x2+c1
J~e2 16e2
=2Ie‘2xdx
=4x+c,
Step 4:

1 1

y = (=2x2+¢,)e? +(4x+c,)xe?

Question 6
Solve the given initial value problem by using the method of variation of parameters.

@ yay=e”; y(0)=1; y(0)=0

Solution:
Step 1:
m?—4=0
1
m=+—
2
y, = Ae®* + Be
Y1 = ezx’ Y, = e
Step 2
er e—Zx
W=
2e2X _2e—2X




Step 4:

l 2x l 4x —2X
=(=x+c)e” +(——e" +¢c,)e
Y= x+e)e" + (e rcy)

y(0)=1:
1
1201+(_E+C2)

17
C,+C, = 5 — (eqd)

y'(0)=0:
[ 1 2X 2x1 1 4x 2X 2X l 4x
=—e“" +2e“"(=x+¢)—=e"(e”)-2e"(——e" +cC
y'=4 (4 1) 2 e™) (16 2)

1 1 1
0=2+2¢, —=—2(——+C
R (16 2)

1
C,—C,= 16 — (e92)

(eql) +(eq2);
2c, =1

17



(b)

4y"+y= ZSec(g)

Solution:

Step 1:
4y"+y= 25ec(§)
4m® +1=0

m=+=i
2

X . X
= Acos(=) + Bsin(—
Yh (2) (2)

X . X
Y= COS(E) » Yo = Sm(z)

Step 2:
Yi Y,
Y'Y,

W =

X . X
cos(E) Si n(E)

1. x, 1 X
—Esm(z) ECOS(E)
1 ,.x. 1.,X

=§cos (§)+§sm (E)
1
=§(1)
_1
2
Step3
. X X
L (sin(;))(2sec(,))
1
4c)
sin()

= —[—2-dx

X
cos(-—)
sin(g) odu

dx

18
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- —[2au
u
=2Inju|+c,
1
=2In cos(Ex) +c
X X
(COS(E))(2 SEC(E))
v :j 1 dx
4(=
()
= —Il dx
=X+¢,
Step 4:
y=uy, +vy,
X X . X
=(2In cos(E) + cl)(cos(E)) +(X+¢,)(sin E)
=C, cos(g) +C, sin(g) +2In cos(g) cos(g) + xsin(g)
y'-y'-2y=2¢e"
Solution:
Step 1:
y'-y'-2y =2e”"
m’-m-2=0
(m-2)(m+1)=0
m=2or m=-1
y, = Ae” +Be ™
yl — e2x , y2 :e—x
Step 2:
e2x e—x
W=| |
27—
=—e " -2¢"

19
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