CHAPTER TWO
COMPLEX NUMBERS

Introduction

In this chapter, we will work with imaginary numbers. Up until now, you've been told
that you can't take the square root of a negative number. That's because you had no
numbers that, when squared, were negative. Every number was positive after you
squared it. So you couldn't very well square-root a negative and expect to come up
with anything sensible. Now, however, you can take the square root of a negative
number, but it involves using a new number to do it. Anyway, this new number is

called "i", standing for "imaginary", because "everybody knew" that i wasn't "real".

The imaginary is defined to be i = J-1.

Objectives

After completing these tutorials, students should be able to:

% Simplify the given complex number expressions.

¢ Find the conjugate of complex number.

%+ Express the given fractions in the form a+bi and represent each on the
Argand diagram.

% Solve the given complex equations.

% Find the modulus and argument of the given complex numbers

%+ Express the complex number in polar form using its principal argument in
radiant units.

¢ Use De Moivre’s Theorem to simplify complex number expressions.

¢ Express the complex number in the exponential form (Euler’s formula).



Question 1
Simplify

(@)

(b)

(©)

(3+4i)(3—4i)
Solution:
(3+4i)(3—-4i)
=9-12i+12i -16i°
=9-16(-1)

=25

(a+bi)?

Solution:

(a+bi)?

=a’ + 2abi +b%°
=a’ + 2abi +b*(-1)
=a’ —b® + 2abi

i(L+i)(2+i)

Solution:

i(1+1)(2+i)
=i(2+i+2i+i%)
—i(2+3i-1)
—i(1+3i)
=i+3i°

-3

Question 2
Find the conjugate of z.

(@)

(b)

Z=-

Solution:
Z =i

z=10+2i

Solution:
Z=10-2i
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Question 3
Express the following fractions in the form a + bi and represent each on the Argand
diagram.

@ 2
1-i

N
—~~

H

4 |
=

(b)  3+i

Solution:

3+i

4-3i

_ 3+1i ><4+3i
4-3i 4+3i

_ (B+1)(4+30)

C16-9i7

12+ 9i +4i +3i° (ggj

SR TIr- T SO 25' 25

_12+13i-3
16+9

9413
25

9 13,
25 25




(© 4i
4+3i

Solution: Im
4i
4+3i
4 4-3i

_ 4i(4-3i)
16— 9i°
161 -12i°

= X —
443 4-3  feeee-

16+9

12416
25

12 16,

==+

25 25

(d) 10

Solution:

10

10,5 (0.-10)

Question 4
Solve the following equations for x and y.

@ x+yi=@B+i)(2-30)

Solution:

X+yi=(3+1)(2-3i)
=6-9i + 2i — 3i’
=6-7i—3(-1)
=9-7i

S X=9,y=-7

v

Re
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(b) 3+4i=(x+yi)@A+i)
Solution:
3+4i=(x+yi)(1+1)

=X+ Xi+Vyi+yi®
=X—-Y+(X+Vy)i
=>x-y=3 ———(1)
X+y=4 ———(Il)
(H+(1)
2x=17

X=—
2

Substituted
7 .

X=— 1nto (Il
, into (I1)

7

—+y=4
5 y

gt

2

Tyt
x=Ty-1
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(© 2+§|:X+y|
1-1i
Solution:
2+5i=X+yi
1-i
x+yh:2+§
1-i
_ 2451 1+i
C1-i 1+
_ (2+5i)(1+1)
12
2+ 2i+5i +5i°
- 2
_2+7i-5
2
_ =3+7i
)
-3 7.
2
3,7
2 2
d) x+yi=2
Solution:
X+yi=2
=2+0i

© Xx=2,y=0
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Question 5
Find the modulus and argument of the following complex numbers

@ @-i)4+3i)
Solution:
z=1-i)(4+3i)
=4+3i-4i-3i°
=4-i-3(-1)
=7-i

2| = 77 + (-1)?
=\49+1
~50

-1

=tan™(—

q (=)
=-0.14

(b) 1+7i
1+i

Solution:

A+ 7)(A-1)
1=
C1-i+7i-Ti
R —
_1+6i-7(-)
=
_ 8+6i
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3

=tan*(=

q ( 4)
=0.64

Question 6
Given z, =—2+i and z, =1—i.Find |z,7,|.

Solution:
2, =—-2+I

wf -
B

z,=1-i

|22|::\ji5t;zj:iy;
2

|22,

=[2,[|z,|

= J5x2

=10

Question 7
Express the complex number in polar form using its principal argument in radiant units.

@ z=-3+2i
Solution:
z=-3+72i
r=|z|

= J(-3)* +2°
=\13

q= tan‘l(%) =2.554

z=r(cosg+ising)
= \/13(c0s 2.554 +isin 2.554)
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(b) z=23-3i
Solution:
7= 2\/5— ﬁi
r=lz]
=\(@VB) +(\B)’
=y12+3
_ 5
g=tan 2\/5]
[ B
=—tan el
=—tan™ EJ

2

=-0.464

z=r(cosq+isinq)
= \/15 (cos(~0.464) + isin(-0.464))

Question 8
1

By using De Moivre’s Theorem, find (2 + 2i)3 . Give your answer in polar form.

Solution:
Let
Z2=2+72i



2
=tan }(=
q=tan (2)
=tan (1)

P

4
De Moivre’s Theorem
z' = (x+yi)' =r(costg+isintq)

L 1 1
= (2+2i)% = r(cos§q+isin§q)

- zﬁ(cos(%x %) +i sin(% x %)j

p ... P
=24/2| cOS— +1SINn—
2 cos isin |

Question 9
By using De Moivre’s Theorem find

@ @+i)

Let
z=1+i

7| =1 + 22
-\

1
=tan| =
q=tan (J
=tan™(1)

P
4

De Moivre’s Theorem

z' = (x+yi)' =r(costq+isintq)
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(b)

= (1+i)° =r(cos5q+isin5q)
\/_[cos(Sx p)+|sm(5>< 4)

I(COS—%—ISIH 54?]

(3 -i)°

Solution:

Let

z:\/§—i

7] = 3 +(-1)?
D

e
P

6

De Moivre’s Theorem

z' =(x+yi)' =r(costq+isintq)

= (\/3-i)° =r(cos9q-+isin9q)
—\/_(COS(QX—)+ISIH(9><?p)j

= «/_(cos(—) +isin(—- )J
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Question 10
Express the complex number in the exponential form (Euler’s formula).
@ 2+i

Solution:

Let

z=2+Ii

|z| =V2% +12
-5

gq=tan™ (%j =0.464

z =re"

_ %80.464i

(b) -—-4-4i
Solution:
Let
z=-4-4i
2| = \/(—4)* + (-4)?

=+/16+16
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