CHAPTER TWO

LAPLACE TRANSFORM

After completing these tutorials, students should be able to:

find the Laplace transform of the given function by using the definition of Laplace
Transform

find the Laplace transform of the given function by using the table of Laplace
Transform

sketch the graph of the given step function, and write the function in terms of unit
step function

find the Laplace transform of the given function by using the theorem of

L{f(t-a)H(t—-a)} =e"*F(s)

sketch the graph of the periodic function.
find the Laplace transform of the given function by using the theorem of

L{F@)) = — L e f @t

1_e—sT
find the inverse Laplace transform of the function by using the table of Laplace
Transform

find the inverse Laplace transform of the function by using the rules of Partial
Fractions Decomposition

solve the given initial value problem of the differential equation by using the
method of Laplace Transforms

find the transfer function and the impulse response function



Question 1
Find the Laplace transform of the given function by using the definition of Laplace
Transform.

(@ f@)=2t

Solution:
f(t)=2t

L{2t} =Te‘sl (2t) dt

= 2Tte‘“dt
0

|:_test et :|°°
= T2
S S 0

=2{(0—0)—(0—%)}
S

SZ

(b)  f)=e*

Solution:
f(t)=e*

e3t } — Te—st (eSt) dt

e —t(s

fe

e t(s-3)
s SJ
- e

~—5lo-1

1
s-3



(©)

f(t) =sin2t

Solution:
f(t) =sin2t

L{sin2t} = je‘St sin 2t dt
0

judv:uv—jvdu

dv =sin2t dt u=e™
, - —cos2t du_ s
2 dt
du =—se™'dt

e atdi=e ™ (- 52 - [(- S22 (-se ")

= M —Ej'e‘f‘t cos 2t dt
2 2
dv=cos2t dt u=e™
V= —sin 2t d_U:_SE_st
2 dt
du =—sedt

J‘efst - ot (;2053'[ —§|:eSt (sin ZtJ_ISinZZt (—SEStdt)i|

2 2
“cos2t sesin2t s°
44
“cos2t se*sin2t

Ie’“ sin2t dt =& J'e’s‘sin 2tdt

2
Ie‘“ sin 2t dt Jrs—fe‘St sin2t dt = €
4 2 4

2 —st —St r
1+s_ J-e_st sin 2t dt=e cos2t sesin2t
4 2 4

4+¢? J‘e*“sinZt dt_—Ze‘St cos 2t —se ™™ sin 2t
4 4

—2e " cos 2t —se ' sin 2t
4+4¢°

Ie‘S‘ sin2t dt =

23



Test in 2t dit = —2etcos2t—se sin2t |
: 4+s° .

~(0)- ( —2(@) - S(1)(0)j

4+
2
C4+5°
(d) 0 ,0<t<z
ft)=t-7 ,7<t<2x
0 , t=2r
Solution:
0 , 0<t=<~r
ft)=t-7 ,7<t<2x
0 , t=2x

Vg 2z 0
L{f(®)}=[e0dt+ [ e (t—r)dt+ [ e0dt
0 V3 2z

27 27
= j te dt — j e dt

. _ 2z
- 2.[ te S'dt {ﬂe ) }
S

2Jgtes‘dt = J' udv

u=t dv=e"dt
—st

du_, _¢e

dt —-S

du =dt

Iudv =uv —Ivdu

—st —st

te e
—S —S
te*St e*St
=————[=—dt
S S
te—St e—St

s s?
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Question 2
Find the Laplace transform of each of the following functions.

(@  y(t) =2e*sin4t

Solution:
y(t) = 26" sin 4t = 2(e* sin 4t)
L{e* f (t)} = F(s—a)

f(t) =sin4t
4
F(8)= s 442
4
P = e
L{y®)} =2F(s-4)= 2((3_4)2 +42 ] 5?—85+32
(b) y(t) — t3e—4t
y(t) =te™
L{e* f (t)}=F(s-a)
f(t)=t3
FS) ==
S S
6
Fle- ) =FE+9 =27
6

L{y(t)} =F(s+4)= 51 d)



(©)

y(t) =t —3t—2e™" cos3t

Solution:
y(t) =t —3t—2e™" cos3t

L{y(t)} = si!t —3(;—1) —~2L{e" cos3t}

:S—ZS—S%—ZL{et coth}

y,(t) =e ™" cos3t
L{e* f (t)}=F(s-a)

f(t) =cos3t
S
F(s)=
®) $°+3
F(s+1) = s+1 s+l
(s+1)°+3° s°+2s+10
L{yl(t)}:F(s+1): s+1 _ s+1

(s+1)?+3 s°+2s+10
L{y(t)}=s—2;—§—2L{y1(t)}

2 3 2s+))
s? +25+10

26



Question 3

Sketch the graph of the given step function, and write the function in terms of unit step
function.

(@) t, 0<t<r
f(t)=42 , 7<t<27
0, t>2rn
Solution:
J?
I
21 | :
|
0 T o7 !
f,(t) =t

t=0 , y=0 (0,0)
t=x, y=n (7,7)
£,(t)=2

f(t)= f1+[f2_ fl]H(t_a1)+[f3_ fz]H(t_az)
f(t)=t+[2—t]H (t—7)+[0-2]H (t—27x)
=t+(2-t)H(t—7z)—2H (t—27x)

(b) 2, 0<t<2
f(t)={t
1+t , t=2

Solution:




fl(t):_tz
t=0,y=0 (0,0)
t=2,y=—4 (2-4)

f,(t) =1+t
t=2,y=3 (2,3
t=3,y=4 (34

f(t) = f1+[f2 - f1]H(t_a1)
f(t)=—t*+[1+t—(t*) [H(t-2)

=t +[1+t+t* [H(t-2)

Question 4
Find the Laplace transform of the given function by using the theorem of

L{f(t-a)H(t—a)} =eF(s)

@ f(t)={ 0 2,0£t<2
t-2)%, t>2

Solution:

STEP 1: Write the step function in terms of unit step function.
f(t): f1+[f2 - fl]H(t_al)
f(t)=0+[(t-2)°-0]|H(t-2)

=(t—-2)°H(t-2)

STEP 2: Find L{(t-2)’H(t-2)}
ft-2)=(t-2)°

f(t)=t?
2! 2!
F(S):F:?

L{f(t—-a)H(t—a)} =eF(s)

L{(t —2)*H(t- 2)} - (%J _ 28;25
S

S

28
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(b) 0 ,0<t<~x
f)=<t—-z,7<t<2r
0, t=2r
Solution:

STEP 1: Write the unit step function in terms of unit step function.
f(t) = f1+[f2 B fl]H(t_a1)+[f3 B fz]H(t_az)
f(t)=0+[t—7z—0]H(t—7)+[0—(t—7)]H(t—27)
=t-2)H{t-7)-({t—-2)H({t—-27)

STEP 2: Find L{(t—ﬂ)H(t—7r)—(t—72')H(t—27r)}
= L{(t—ﬂ)H(t—ﬁ)}—L{(t—7z)H(t—27z)}

ft—-n)=t-rx
ft)=t

1 1
F(s) = e :S_2

L{f(t-a)H(t—-a)} =e"*F(s)
L{(t-m)H({t—-7z)}=e" (Sizj:e—ﬂs

SZ
ft-27)=t—xn
:[(t—272')+27z]—7r
f(t):[t+27z]—7r

=t+x

n z 1 =z
F(8)=—=7 e toTa2te
S S S

L{f(t—a)H(t—a)} =e ™ F(s)
L{{t-m)H({t-27)} = eZ”S( ZJ

S

LL{tt—-m)H(t-7)-(t-7)H({t-27)} = e52 _ g2 (512+£j



(©) 2 0<t<5
f(t)=1 0,5<t<10
e, t>10

Solution:
STEP 1: Write the unit step function in terms of unit step function.

f(t)=2+(0-2)H({t-5)+(* —0)H(t—10)
=2-2H(t-5)+ (" —0)H(t-10)

STEP 2: L{2-2H(t-5)+(e" ~0)H (t-10)}

(i) L{2} :%

(i) L{2H (t-5)}
f(t-5)=2
f(t)=2
F(s)=2

S

5s

L{2H (¢ —5)}=e5s(3j:29
s) s

(iii) L{2—2H (t—5) + (e")H (t-10)}
L{(e")H (t-10)}
f (t—10)=e* =g4((t-10)+10]

f (t)=e4t =e4[t+10] :e4t+40

a0y faat) _adof 1) %
F(s)=e"L{e"|=¢ (a =2

L {(84t YH(t —10)} =108 e _ g 10s+40
s—4

4t 2 2e753 —10s+40
L L{2-2H({-5)+(e")H(t-10)} ==-—=—+e
S S



(d)

sint 0£t<z
(0= . m 4
sint +cos( _Z)’ %
4
Solution:

STEP 1: Write the unit step function in terms of unit step function.

f(t)=sint+ [sint+cos(t—”j—sint} H (t_”j
4 4
=sint+cos(t—”jH [t_ﬂj
4 4
STEP 2: L{sint +cos(t —Zj H (t _Zj}
4 4

(i) Lisint)= 821+ -

(i) L{co{t{)“(“ﬂ}
(1))

f (t)=cost
S
s?+1

F(s)=

—7TS s

= “
L cos(t—”)H(t—”j —e 4 ( 25 jzsez
4 4 s°+1 s +1

[ o1 a1 )
S )

_7s
__ 1 st
s241  s?+1

s

Clese 4
s?+1




Question 5
Sketch the graph of the following periodic function, and find the L{ f (t)}.

(@) Periodic pulse function:
2,0<t=<3
(1) = A
0,3<t>4
f(t)=f(t+4)

Solution:
2, 0<t<3
f(t)= )
0 , 3<t<4
i 5
2 i :
| | |
L B S S S S S T
1 4
L{f@t) ' =———je S f(t)dt
(10 )= e 10
4 st 3 st 4 st
je~Sf (t)dt = fe~* (2)dt + Je* (0)dlt
0 0 3

27 2

=S S
B g ~ 26—35

S S

-3s -3s
LiF @) 1 (E_Ze ]_2(1—e )

:1—6_45 S S _s(l_e_45)




(b) Saw-tooth function:
f(t)=t,0<t<2
f)=f(t+2)

Solution:

0
2
2 —st st
Ite_zs{tes _e_2] + —»t \ St
- S
0 0 A
267t 725 g - 1 s
_ N _
- s % \ -2s
e
+ 0 —
S
2 9ea—2S 25
LL{f(M) = 12 [te~Stgr——2%¢ " —¢ 1
1-¢7%%0 ?(1-e72)
Question 6

Given f(t)=sint,t >0
(@) Sketch the graph of f(t)

Solution:

(b)  From the graph, find the period of function f (t)
Solution:
T=2x



(c) 1 % .
By using the theorem L{f(t)}:l_efq .[e Ot show that L{cost] =
0

2

s*+1
Solution:
il — 1 27 ,—St o + —p e St sint
L{Slnt}—Tﬂ_Sjo e ~sintdt \
1-e - —> g St —cost
2.—st :
+ _, s%e —sint
27 [—sint
| e Stsintat
0
2r 2r
:[—e_St cost—se_Stsint} 2 | e SLsintdt
0 0

27
(32+1) [ e Stsintdt =— =275 11
0

2r _ —27S
je_s'[s.intdtz1 2
0 sc+1

~ Lisint} = ! (1_62_2”5}

s +1

Question 7
Find the inverse Laplace transform of the function.

(a) 3
s +4

Solution:

3 3 2
SEAERRE
{52+4} 2 s2 +22

=§sin 2t
2




(b)

(©)

4
(s-1)°

Solution:

1 4
) {(3—1)3}

4
F(S—l)—m
4
F(S):5_3

-1 4 -1 2! 2
-cr 42 2

LH{F(s—a)} =e*f(t)

rﬁk ﬂf}:r%F@—anzézﬁzzéﬁ
S_

Solution:

1 2 }

L {
S°+3s—4

2 3 2
s243s—4 (s+4)(s-1)

2 __A N B
(s+4)(s-1) s+4 s-1
2=A(s-1)+B(s+4)

s=1 2=B(l+4)
2

B==
5

s=—4, 2=A(-4+1)
2

A=-=
5

35



(d) 3s
$?—s5-6

Solution:

33 3s A N B
s2—s—6 (s=3)(s+2) (s—3) (5+2)

3s=A(s+2)+B(s—3)

s=-2, 3(-2)=0+B(-2-3)

B=-
5

s=3, 3(3)=A(3+2)

a=l
5
9 6
1 3s 1 § = g
L'y 5——=L yz—=—=t+L {——=
§$°—s—6 S-3 S+2
9, 6.n
5 5

= g(3e3‘ +2e7)



(€)

25+2
s +2s5+5

Solution:
25+2  2(s+1)  2(s+1)
$?+25+5 (s+12?+4 (s+1)°%+2?

2(s+1)
(s+1)° +2?
2s
§°+2°
f(t)=2cos2t

F(s+1) =

F(s)=

L {F(s—a)} =e*f(t)

L‘l( 2s+2

ﬁj =e '(2cos2t) =2e™ cos 2t
s?+25+

s 4+5-2
Solution:

e e .1 [ A B j o
s’+s-2 (s+2)(s-1) (s-2 s-1

1=A(s-1)+B(s+2)

B=1
3
s=-2, 1=A(-2-1)

a=-1

3
_1 1
Lt e — e 3 +L e 3
s2+5-2 S+2 s-1

_%e—z(t—Z) H (t _ 2) + %et—zH (t _ 2)

_ % H (t _ 2) [efz(tfz) + etfz:l

37



(9)

(h)

(i)

Solution:

2 2 02

= =%,
24 s?-2? 52 — 22

2
§* - 2°
f(t) =sinh 2t

F(s)=

LH{e™F(s)} = f(t-a)H(t-a)

| 2e® :
L 1{52 4} =sinh2(t—2).H(t-2)

—H(t-1)+H({t—2)—H({t—-3)—H(t—4)

25-3
s’ —4

Solution:

-1 23_3 _ -1 S 3 -1 2
L {32—4}_2L {52—22}_?_ {52—22}

=2cosh 2t —gsinh 2t

38
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(k)

2s+1
s2—25+2

Solution:

2s+1  2(s-1)+3
$-2s+2 (s-1)%*+1

F(S_l)ZZ(s——lz+3
(s-1D)°+1
2s+3
F(s)=—">
) s?+12

S 1
f(t)=2L" +3L%
® {52+12} {52+12}

S 3 S
=2L* S
{32—22} 2 {32—22}

=2cost +3sint

L {F(s—a)} =e*f(t)

Lt {%} =e'(2cost +3sint)
25+

8s° —4s+12
s(s* +4)

Solution:
852—4s+12_é+Bs+C
s(s>+4) s s?+4
8s*—4s+12=A(s*+4)+(Bs+C)s
s=0, 12=4A
A=3

s=1, 8-4+12=A(1+4)+(B+C)
16=3(5)+B+C

B+C=1

s=-1, 8+4+12=3(1+4)+(-B+C)(-)
24=15+B-C

B-C=9

(2)+(1): 2B=10
B=5

39



(1

(m)

5+C=1
C=-+4

B 852 —45+12 o 3 e 5s—4
s(s* +4) s s’ +4
:3+5L1{ S 2}—2L1{
S°+2

=3+5c0s2t —2sin 2t

1-2s
s +4s+5

Solution:

1-2s  -2(s+2)+5
s2 +4s+5 (s+2)2 +1
-2(s+2)+5

(5+2)2 +1
—25+5

s?+1
f(t) =—-2cost +5sint

F(s+2)=

F(s)=

L {F(s—a)} =e*f(t)

Lt {%} =e ' (-2cost +5sint)
+4s+

25-3
s +2s+10

Solution:
2s-3  2(s+1)-5 2(s+1)-5
$+25s+10 (s—-1D*+9 (s+1)+3°

F(s+]_):2(8+—1)_25
(s+1)+3
25s-5
FGS)=——5
(s) s? +3?

f(t):2c053t—§sin3t

2
s? +22

}

40



L {F(s—a)} =e*f(t)

L 228—_3 =g Zcos3t—§sin3t
s°+2s+10 3

(n) S
(s+1)(s*+4)

Solution:
S A Bs+C

(s+1)(s*+4) T+l 944
s=A(s* +4)+(Bs+C)(s+1)

s=-1, —1=A(l+4)

a--1
5
5=0, 0=—%(O+4)+(O+C)(1)
c.4
5

1 4
s=1, 1=—€(1+4)+(B+g)(2)

l=—1+ZB+§
5
28-2
5
B2
5

—_ —S+—

L_l S . _ L_]_ _5 + L—l 52 5

(s+D(s"+4) S+1 s“+4
:_le“+lc032t+gsin 2t

5 5 5

_ %(—et +c0s 2t + 2sin 2t)



Question 8
Solve the given initial value problem for y(t) using the method of Laplace Transforms.

@ y"-7y+10=0; y(0)=0; y'(0)=-3

Solution:
L{y"-7y'+10y}=L{0}
s%Y (s) —sy(0)— y'(0) - 7[sY (s) - y(0) ] +10Y (s) =0
%Y (s) —s(0) = (-3) = 7sY (s) + +7(0) +10Y (s) =0
[s*~7s+10]Y(s)=-3
-3
s*—7s+10
B -3
 (s—2)(s-5)
A B

=t —
s—-2 s-5

Y(s)=

—-3=A(s-5)+B(s—2)

s=5, -3=3B
B=-1
s=2, -3=-3A
A=1
1 1
Y () = —-———
(s) s—2 s-5
y(t):eZt_eSt

(b) y"r9y=10e*; y(0)=-1; y'(0)=5

Solution:
L{y"+9y}=L{10e™}

$2Y (s) — sy(0) — y'(0) + 9 () = 1—02

$2Y () — (1) — 5+ 9 (s) = Sl_—oz

[52 +9]Y(s):sl_—02—s+5



— 2 —_
Y(s)=10 S +2$:—5S 10
(s—2)(s°+9)
__=S'+Ts
(s—2)(s*+9)
A Bs+C
=——+
s—2 s°+9
—s*+7s=A(s*+9)+(Bs+C)(s-2)

s=2, —22+7(2)=A(2* +9)
a0
13
10
13() (-2)
c=H
13

s=1, —1+7=9(10)+(B+§j(—1)
13 13

.z
13

(10} ( 23) 45
= | == s+
Y(s) = 13 N 13 13

s—2 s?+9

[a2HE) ()

e —coth+Esin3t
13 13 13

B=

y()

y"—4y'+4y=te' ; y(0)=0; y'(0)=0

Solution

L{y"—4y'+4y}= L{tet}

Y9 -5/(0) -y O ~4[5Y ()Y O] -4 ()= =
1

[32 —4s+4]Y(s) = W

1
Y(S) = (3—1)2(5_2)2

A B C D
= + + +
s—-1 (s-1* s-2 (s-2)




(d)

1=A(s-1(s—2)*+B(s—2)* +C(s—1)*(s—2)+ D(s -1
s=1, B=1
s=2, D=2

s=0, 1= A(-1)(4)+1(4)+C(1)(-2) +1(1)

AA+2C =4

s =-1,1= A(-2)(9) +1(9) + C(4)(-3) +1(4)
18A+12C =12

BA+2C =2

1L-2):  A=2

Substitute A=2 into (1),
4(2)+2C =4
C==2

Y(s) = 2 + 1 = 2 + ! >
s—-1 (s=-1)° s-2 (s-2)
y(t) = 2e" +te' —2e” +te*

y"-2y'+5y=1; y(0)=0;y'(0)=5

Solution:

L{y"-2y+5y}=L{1}
$2Y (s) — sy(0) — y'(0) — 2[sY (5) — y(0)] + 5 (5) = %

1
[52—25+5]Y(s):g+5

1455
s(s*—2s+5)
_ A  Bs+C

s §°-2s+5
1455 = A(s* —2s+5) +(Bs+C)s

Y (s)

s=0, 1+5(0) = A(0>—2(0) +5)
Al
5

s=1, 1+5(1) = A(1* —2(1) +5)

44
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BrC=1" (1)

s=-1, 1+5(-1) = %(1+ 2+5)+(-B+C)(-1)

B—C=—§ ......................................

5

. og__2
(D+2): 2B=-7

Substitute B :—% into (1),

_1+C:§
5 5
c_2l
5
1 1\ 27
5) (7575
Y(s)= +
(s) s s?—-25+5
_(1)(1)_(1)(s=D-26
5)\s) \5)] s*?-2s+5
(Y1) (1) (s-D)-26
5){s) \5)|(s-1)*+2
11\ (1] s-1 (13j 2
=zl el 772 2|l = | 7T 2 o2
5)Us 5)[(s-1)"+2 5 )\(s-1)° +2

y(t) zl—let cosZt+Eet sin 2t
5 5 5

45



(&) y™+3y-4y=H(t-1); y(0)=0; y'(0)=1 where H is a unit step function.

Solution:
L{y"+3y'-4y}=L{H (-1}

-S

sW(g-syw)—yu»+3hY@)—ywﬂ—4Y@):%;

[52 +3s—4]Y(s):e—+1
S
e’ 1
=2 3
S(s°+3s—4) s°+3s—4

Y (s)

N 4 e’ e B
(i) L {m}_f(t DH(t-1)

1
s(s® +3s—4)
B 1
Cs(s+4)(s-1)
A B C

=t —t—
S s+4 s-1

1=A(s+4)(s-1)+B(s)(s—1)+Cs(s+4)

a=1, F(s)=

s=0, 1=A4)(-1)
1

A=-=
4

s=1, 1=C(1)(5)

c=t
5
s=-4, 1=B(-4)(-5)
_ L
20
) () 5
F(s)= 4 + 20 + >
S s+4 s-1
f(t):—1+ie"“+£et
4 20 5

el L2 L e gy
S(s“+3s—4) 4 20 5



N T { }
s°+3s—4 (s+4)(s-1)

AL B
s+4 s-1

o) (s
_)Us) s)
s+4 s-1
:_le—4t+let
5 5
e’ 1
Sy =L —— 4 LN ———
ye) {s(sz+35—4)} {sz+33—4}
:{—1+—ie*‘(“l’+1e“1}H(t—1)—1e4“+1et
4 20 3) 3) 3)

Question 9
Find the transfer function and the impulse response function.

(@ y=7y+10y="1()

Solution:

s2Y (s) - sy(0) - y'(0) — 7[sY (5) - y(0)] +10¥ (s) = F(s)
[$*=7s+10]Y(s)=F(s)

Y(s) 1

F(s) s°-7s+10

1
CO)= 269
1 1
90=t {(s—z)(s—f»)}
= Ll{i_FL}
s—-2 s-5

1=A(s-5)+B(s-2)
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(b)

(©)

1 15
t)=—=e"+=e
g(t) 3¢ *3

y"+9y = f(t)

Solution:
%Y (s) —sy(0) — y'(0) +9Y (s) = F(s)
[s*+9]Y(s)=F(s)
MO
F(s) s*+9
1
s?+9

1 1
o)=L {sz+32}

1 3
el TP P
3 {sz+32}

G(s) =

y"—4y'+4y = f(t)

Solution:

s%Y (s) —sy(0) — y'(0) —4[sY (s) - y(0) | +4Y (s) = F (s)
[sz —4s+4]Y(s) =F(s)
Y(s) 1
F(s) s*-4s+4
1
(s-2)°

1 1
0=t {(5_2)2}

G(s) =

48



(d)

y"-2y'+5y = f(t)

Solution:

s°Y (s) ~sy(0) — y'(0) — 2[sY () - y(0)] +5Y (s) = F(s)
[s*=25+5]Y(s) = F(s)
Y(s) 1
F(s) s®-25+5
1
s*—2s+5

1 1
90 =L {52 —2s+5}
_ |_—1 1
(5= +2°

=l'—_l{%}
2~ \(s-17+2

:ie‘sin 2t
2

G(s)=
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