
 

 

 

CHAPTER TWO 

 

MULTIPLE INTEGRAL 

 

 

After completing these tutorials, students should be able to: 

 

 evaluate the double integral over the given rectangular region R  

 find the volume of the solid bounded by the planes 

 find the area of the region bounded by the curves using double integral 

 find the volume of the solid bounded by the graphs using double integral 

 find the area of the region by using double integral in polar coordinates 

 change the integrand from Cartesian to polar coordinates 

 calculate ( , , )
G

f x y z dV  over the given region G  

 find the volume of the solid bounded by the planes using triple integral 

 find the volume of the solid bounded by the given surfaces using triple integrals in 

cylindrical coordinate 

 find the volume of the solid bounded by the planes given using triple integrals in 

spherical coordinate 

 find the mass of the lamina region R  

 find the mass and the center of mass of lamina region R bounded by the given 

graph and its density 

 find the centroid for the given region 
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Question 1 

Evaluate the double integral  

dAyy
R

  21  

 

over the rectangular region   32,10:,  yxyxR . 

 

 Solution: 

 
1 3

2 2

0 2

1 1
R

y y dA y y dydx                                 

                       

 

 

 

   

   

   

1 3 1

2

0 2

31 3

2

0 2

31 3
2 2

0 2

1 3 3

2 2

0

1
3 3

2 2

0

3 3

2 2

2

1 2

2 3

1
1

3

1
10 5

3

1
10 5

3

1
10 5

3

6.814

du
y u dx

y

u dx

y dx

dx

x

 
  

 

 
   

 

 
  

 

 
  

 

 
  

 

 
  

 



 





           

                   

 

Question 2 

Find the volume of the solid bounded by the plane 2xz  , 3,2  yx  and coordinate plane. 

 

 Solution 

 

 

 

 

 

 

 

 

 

  

 

                      Figure 6.1 (a)                                              Figure 6.1 (b) 

3y   

2x   
x 

y 

2x   

3y   

2xz   

y 

x 

z 

Substitution Method: 

21               2
du

u y y
dy

    

2

du
dy

y
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Volume of a solid is given by, 

 

( , )
R

V f x y dA   where ( , )f x y z : 

 

Therefore,  

 

( , )
R

V f x y dA 
2 3

0 0

zdydx    

                           

2 3

2

0 0

32

2

0 0

2

2

0

2
2

0

3

3

3

3

8 unit .

x dydx

x y dx

x dx

x
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Question 3 

Evaluate   

1

0 0

22

x

dydxyxy  

 

 Solution: 

 
1

2 2

0 0

x

y x y dydx   

 

 

 

   

1

2

0 0

1 3
2 2

0 0

1 3
2 2 2

0 0

1 3 3
2 2 22 2

0

1

3

0

1
4

0

2

1 2

2 3

1

3

1
0

3

1

3

1

3 4

1

12

x

x

x

du
y x u dx

y

x u dx

x y dx

x x x dx

x dx

x

  
 

 
    

 

 
   

 

 
     

 

    

 
  

 



 









 

 

 

 

                                 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Substitution Method: 

2               2
du

u y y
dy

   

2

du
dy

y
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Question 4 

Let R be a region in the xy-plane and bounded by 0,4,  yxxy . Evaluate  
R

dAxy . 

  

 Solution 

 

 

 

 

 

 

 

 

  

                                         Figure 6.2 

 

   
4

0 0

x

R

xy dA xy dydx    

                  

4 2

0 0

4 2

0 0

4
3

0

2

2

6

32

3

x

x

xy
dx

x
dx

x

 
  

 

 
  

 

 
  
 






 

 

 

Question 5 

By using the double integral, find the area of the region bounded by the curves below: 

0,0,92  yxxy  

  

 Solution 

 

 

 

 

 

 

 

 

 

                                Figure 6.3 

 

3  

2 9y x    

y  

x  

4x   

y x  

y  

x  
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Area, 1
R

A dA   

             

 

 

2

2

3 9

0 0

3
9

0

0

3

0

3
3

0

2

1

9
3

27 9

18 unit

x

x

dydx

y dx

dx

x
x











 
  
 

 



 



  

 

 

Question 6 

By using the double integral, find the volume of the solid bounded by these graphs: 

0,0,2,1622  zyxyzx  

  

 Solution 

 

 

 

 

 

 

 

 

 

 

 

 

 

                           Figure 6.4 (a)                                            Figure 6.4 (b)                                   

 

 

 

 

 

 

 

 

 

 

2y x  

2y x  2 2 16x z   

y  

x  

z  

y  

x  



 30 

Volume, ( , )
R

V f x y dA   

                  

 

4 2

2

0 0

4 2
2

0
0

4

2

0

4

0

4 1

2

0

4
3

2

0

4
3

2 22

0

3

2

16

16

2 16

2            - simplify 2
2

2

3

2
16        - substitude 16

3

2
0 16

3

R

x

x

zdA

x dydx

y x dx

x x dx

du
x u x

x

u du

u

x u x



 

  
 

  
 

  
 

 
   

 

 
   

 

 
     

 

  
    

   



 









3

2
( 64)

3

2
42  unit

3



  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Substitution Method: 

216               2
du

u x x
dx

   

2

du
dy

x
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Question 7 

Sketch the region bounded by the graphs below and find the area of the region by using 

double integral in polar coordinates : 

                                           
3

2
,

2
,4,





  rr  

 

  

Solution : 

 

 

 

 

 

Area, A 
R

dA1 =  
32

2

4

2

1





rdrd  










d
r

rdrd

4

2

32

2

232

2

4

2
2

1   









 

                    




d 

32

2

28  

                    232

2 unit 
23

2
66 






 







  

 

Question 8 

By changing the integrand from Cartesian to polar coordinates , evaluate :  

 

(a) 
 

 






1

1

1

0

2

22
x

yx dydxe  

 

Solution : 

 

111 22222  yxxyxy . 

 

 

 
 






1

1

1

0

2

22
x

yx dydxe 


rdrde r

 


0

1

0

2

Substitution Method; rdrduru 2,2   

                           





d
e

dude

u

u



 

















2

2

1

 

0  

2


   

R 
2 

4 

R 

1 -1 

1 

y 

x 
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1 2 

R 

x 

y

2 y = x 

                           

   1
1

0

1

0

1

1

00

1
22

1

22

1

2

2

1

2

2

2






















































e
ee

d
e

d
e r














 

 

(b) 

 


2

1 0
22

1
x

dydx
yx

 

 

Solution : 









cos

2
cos22When

cos

1
cos11When 

cos







rr x

rrx

rx

                  

 

 

 


2

1 0
22

1
x

dydx
yx


 



rdrd
r 

4

0

cos

2

cos

1

1
  

                              

  









 



dr

drd



 





4

0

cos

2

cos

1

4

0

cos

2

cos

1

1

 

                               

 

12ln1ln12ln

0tan0secln
4

tan
4

secln

tansecln1

sec

cos

1

cos

1

cos

2

4

0

4

0

4

0

4

0























































d

d

d

 

 

2 

1 
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Question 9 

Evaluate the iterated integral below :  

 

 
dzdydxy

z

z

zx

  


1

0 0

 

 

Solution : 

dzdydxy

z

z

zx

  


1

0 0

= dzdx
y

z

z

zx

 












1

0 0

2

2
 

                      

 

 

  

 

 
 

3

1
16

48

1

24

2

6

1

2
6

1

6

1
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1

2

1

0

4

1

0

3

1

0

3

1

0

3

1

0 0

2
























 









 








 









z

dzz

dzzx

dz
zx

dzdx
zx

z

z

z

z

z

z

zx
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R 

164 22  zy  

4 

2 

y 

z 

x 

4 yx  

 

Question 10 

Calculate dVye
G

x


2 given that the region G is   40,21,10:,,  zyxzyxG  :  

 

 Solution : 

dzdxdyye x

  
4

0

2

1

1

0

2 = dzdy
ye x

  







4

0

2

1

1

0

2

2
 

                          

 

 

      1341
4

3
1

4

3

33
4

1

1
2

2
2

4

2

1

22

1

1
2

1

224

0

2

4

0

2

4

0

22

4

0

2

1

22

4

0

2

1

2



















































 

eeze

dze

dz
ee

dzy
ey

dzdyye

 

 

Question 11 

Using triple integral, find the volume of the solid bounded by the planes given below :  

 

(a) Cylinder 164 22  zy  and planes x = 0, x + y = 0. 

 

Solution:  

1
416

164
22

22 
zy

zy   

Ellipse at the yz-plane, y-intercept at 4 and x-intercept at 2. 

 

y-limit : y = -4  y = 4 

z-limit : 
4

16 2y
z


   

4

16 2y
z


  

x-limit : x = 0  x = 4 – y. 

 

V= dydxdzdV

y

y

y

G

  











4

4

4

16

4

16

4

0

2

2

11  
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R 
4 -4 

2 

-2 

164 22  zy  

y 

z 

                 

 

 

 

 

   
    

BA

y

y

y

y

y

y

y

dyyydyy

dyyyy

dy
y

y
yy

y
y

dyyzz

dydzy

dydzx









 

 














































 

















 











4

4

2

4

4

2

4

4

22

4

4

2222

4

4

4

16

4

16

4

4

4

16

4

16

4

4

4

16

4

16

4

0

16164

16164

4

16

4

16
4

4

16

4

16
4

4

4

2

2

2

2

2

2

                                   

 

A=



 4 radiuswith 

 circle a of Area 
2

1

4

4

2164 


 dyy  

     324
2

1
4

2
  

Or using the substitution of 


 cos4sin4 
d

dy
y  

A=  





0

2

4

4

2 cos4sin16164164 ddyy  

4 

4 

y 

z 

1622  zy  

R 
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32

0
2

2sin
32

2

2sin
32

2

12cos
64

cos64

cossin164

0

0

0

2

0

2






































 












d

d

d

 

 

B = 




4

4

216 dyyy Substitution method: y
dy

du
yu 216 2   

   

  

  000
3

1

16
3

1

3

2

2

1

2

1

4

4

2

4

4

23

21























y

u

duu

 

 

Therefore,  
3unit 320321    BAdVV

G

 

 

(b) x = 0, y = 0, z = 0, 3x + 6y +z = 6. 

 

Solution : 

 When x=0, y=0     6z .    6,0,0  

When x=0, z=0     166  yy .    0,1,0  

When y=0, z=0     263  xx .    0,0,2  

 

V    





G

x
yx

dzdydxdV

2

0

1
2

1

0

636

0

11  

y 
1 

6 

2 

z 

x 

663  zyx  

2 

1 

x 

y 

3x +6y = 6 

R 
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3

2

0

23

2

0

2

2

0

22

2

0

2

1
2

1

0

2

0

2

2

0

1
2

1

0

2

0

1
2

1

0

636

0

unit 26623
3

3

12

3

33
4

3

33
4

3
3

2

3
63

01
2

1
31

2

1
31

2

1
6

336

636





















































































 

 









xxx

dxxx

dxxxxxx

dxxxxx

dxyxyy

dydxyx

dydxz

x

x

x

yx

 

 

(c) 0,2,122  xzyxzy  

 

Solution : 

  

 

 

 

 

 

 

 

 

 

 

   









G

y

y

zy

dxdzdydVV

1

1

1

1

2

0

2

2

11  

z

x 

122  zy  

2 zyx  

1 

1 

R y 

x

y 

1 

1 

y 

z 

122  zy  

R 
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)(

1

1

2

)(

1

1

2

1

1

22

1

1
2

2

22

2
2

22

1

1

1

1

2

1

1

1

1

1

1

1

1

2

0

1214

1214

2

1
112

2

1
112

2
2

2

2

2

2

2

2

2

BA

y

y

y

y

y

y

zy

dyyydyy

dyyyy

dy

y
yyy

y
yyy

dy
z

yzz

dzdyzy

dzdyx









 

 







































































































 

 A=



 1 radiuswith 

 circle a of Area 
2

1

1

1

214


 dyy  

     21
2

1
4

2
  

 

B = 




1

1

21 dyyy Substitution method: y
dy

du
yu 21 2   

   

  

  000
3

1

1
3

1

3

2

2

1

2

1

1

1

2

1

1

23

21























y

u

duu
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Therefore,  
3unit 2021    BAdVV

G

 

 

(d) 0,4,,2 22  xzxzyzy  

 

Solution : 

  

 

 

 

 

 

 

 

 

 

   


 


G

z

z

z

dxdydzdVV

1

1

2 4

0

2

2

11  

   

 

 

 

        

 

 

3

1

1

243

1

1

32

1

1

3232

1

1

2222

21

1

1

1

2

1

1

2
4

0

unit 
3

2
10

1
2

1

3

8
81

2

1

3

8
8

2

2

4

2

3

8
8

2288

4248

4224

4

4

2

2

2

2

2

2









































































 

 

zzzz

dyzzz

dyzzzzz

dzzzzzzz

dzzyy

dydzz

dydzx

z

z

z

z

z

z

z

 

1 

y 

z 

22 zy   

R 

2 

-1 

2zy   
R 

z

x 

22 zy   

2 
R 

y 

x

y 

4 

4 

1 

x + z = 4 

2zy   

R 
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 A=



 1 radiuswith 

 circle a of Area 
2

1

1

1

214


 dyy

 

  
   21

2

1
4

2


 
 

B = 





1

1

21 dyyy

Substitution method: 

y
dy

du
yu 21 2 

 

   

  

  000
3

1

1
3

1

3

2

2

1

2

1

1

1

2

1

1

23

21























y

u

duu

 
 

Therefore,  
3unit 2021    BAdVV

G  
 

 

Question 12 

Evaluate the iterated integral below: 

 

(a) 
  
1

0

2

0

2

0

ydxdydz 

 

Solution: 

  dydzyxydxdydz     

1

0

2

0

2

0

1

0

2

0

2

0

 

                   
 

  44

4

2

1

0

1

0

1

0

2

0

2

1

0

2

0













 

z

dz

dzy

dydzy
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(b) 
  
1

0

2

1

1

0

dydzdxex  

 

Solution: 

  dzdxyedydzdxe xx

    

1

0

2

1

1

0

1

0

2

1

1

0

 

                    

 

 
1

)2(

101

1

0

1

0

1

0

2

1

1

0

2

1















 

eee

e

dxee

dzdxze

dzdxe

x

xx

x

x

 

 

(c) 
  




1

1

2

1

1

0

2 )( dzdydxzxy  

 

Solution: 

  dydx
z

xyzdzdydxzxy

1

0

1

1

2

1

31

1

2

1

1

0

2

3   










  

                              

3

2

3

1

4

)1(
3

3

1

4

1
3

34

3

3

1

2

3

3

1

23

2
2

32

)
3

1
(

22

1

1

2

1

1

1

1

2

1

1

1

2

1

1

2

1













 








 




































































































 

xx

dx
x

dx
x

x

dx
yxy

dydxxy
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Question 13 

Evaluate the iterated integral below: 

 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  


2

0 0

z

z

zx

ydydxdz     

 

Solution: 

   


















2

0 0

22

0 0
2

z

z

zxz

z

zx

dxdz
y

ydydxdz  

                     

 

3

16

4

16

3

4

43

4

3

8

2

1

)()(
3

)(

32

1

32

1

2

2

2

2

0

4

3

2

0

2

0

22

3

33

3

2

0

22

3

2

0

222

0

2










































































  





z

dzz

dzzzzz
z

zz
z

dzxzzx
x

dxdz
zxzx

dxdz
zx

z

z

z

z

z

z

 

 

(b) 

  


1

0 1 1

2y z

yzdxdzdy 

 

Solution: 

  dzdyyzxyzdxdzdy

y

z

y z

   




1

0 1

1

1

0 1 1

22

 

                   

24

7

12

5

1224

6

5

23

2

)1(

3

)1(

23

23

)(

1

0

268

1

0

57

1

0

2357

1

0 1

23

1

0 1

2

2

2




































 
































 





yyy

dy
yyy

dy
yyyy

dy
yzyz

dzdyyzyz

y

y
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Question 14 

Calculate dVye
G

x


2  given that the region G is defined as: 

   40,21,10:,,  zyxzyxG  
 

Solution: 

  dydxzyedzdydxye xx

    

1

0

2

1

4

0

2

1

0

2

1

4

0

2  

                        

 

 

)1(333
2

6

28

2

4

202

1

0

2

1

0

22

1

0

2

1

22

1

0

2

1

2





















 

eee
e

dxee

dxey

dydxye

x

xx

x

x
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Question 15 

Using triple integral, find the volume of the solid bounded by the planes given below: 

 

(a) 

 

 

 

 

 

 

 

 

824,0,0,0  zyxzyx  
 

Solution: 

 

 
 

Volume, V   











R

zx

G

dAdydV

248

0
 

                  

 

 

 

 

 

3

3

2

2

0

3

2

2

0

2

2

0

2

2

0

24

0

2

2

0

24

0

2

0

24

0

248

0

unit
3

32
0

3

)2(4
)2(8)2(16

3

4
816

41616

 )24()24(4)24(8

 48

248

 





























 

 









x
xx

dxxx

dxxxxx

dxzxzz

dzdxzx

dzdxy

x

x

x

zx

 

 

(b) 

 

 

 

 

 

 

Cylinder y
2
 + 4z

2
 = 16 and planes x = 0, x + y = 4 

 

Solution: 

1
24

1
416

164

2

2

2

2

22

22







zy

zy

zy

                

x 

y 

z 

2 

8 

4 

x 

z 

4 

2 

z = 4 – 2x  
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Volume, V  















R

y

G

dAdxdV

4

0
 

                  

 

 











 

 














































 































 














 
















2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

22

2

22

2

416

416

2

2

2

2

2

416

416

2

2

416

416

4

0

416

428)4(484168

2

416
4164

2

416
)416(4

2

)416(
)416(4

2

)416(
)416(4

2
4

4

2

2

2

2

2

2

dzz

dzzdzzdzz

dz
z

z
z

z

dz
z

z
z

z

dz
y

y

dydzy

dydzx

z

z

z

z

z

z

y

 

 

                         Half of area of a circle (semicircle) with radius 2 

                         i.e.           

                                    Let  

                                             


2

2

ydz  

                                    where            

                                             
4

4

4

22

22

2







zy

zy

zy

 

y 

z 

x 

2 
4 

4 

2 -2 

4 

-4 

y 

z 

2416 zy   

2416 zy   

=> circle with radius 2 
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                                        Thus, area of the shaded region (i.e semicircle) is 

                                                      
 





2

2
2

1 2




 

 

                  
3

2

2

2

unit 32

216

416









  dzz

 

 

Alternative method: 

 
For  

       






2

2

2

2

2

2 cos2sin244

z

z

ddzz   

                        










d

d

d

d

z

z

z

z

z

z

z

z


































2

2

2

2

2

2

2

2

2

2

2

2

12cos
4

cos4

cos4cos2

))sin1(4(cos2

 

2 
z 










ddz

d

dz

z

z

cos2

cos2

sin2

2
sin









 
  

2 

2 

-2 2 

-2 

2 

z 

y 

y= 24 z  
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2

2
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2
02

22

2
2sin

22

2
2sin

2

2

2
sin

2

2

2
sin2sin

2

2
sin

2

2

2
sin2sin

2

2
sin

2

2
sin2sin

2

2

2sin
2

1

1

1

1

2

2

1

1

2
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z

z

z
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  Thus, volume,                  

                 
3

2

2

2

unit 32    

216    

416









  dzzV
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Question16 

Evaluate the cylindrical coordinate integrals below: 

 

(a) 

  
 


0 0 0

2 2

dzdrdrz

r

 

 

Solution: 


  

drd
rz

dzdrdrz

r
r

2
22 2

00 0

2

0 0 0
2   












  

                         

 

1321211

1

11

1

11

1

11

1

2

112

1

2

1

2

1

12

0

12

0

11

0

2

11
2

0 0

2

11

0

0

2

11

0 0

2

9

0 0

2

1

4

2

2

22













 





  

















































  

dd

drd
r

drdrdrdrr

 

                    

(b) 

  



2

0

1

0

21 2

3

r

r

dzrdrd  

 

Solution: 

    









2

0

1

0

21

2

0

1

0

21
2

2

33 drdzrdzrdrd
r

r

r

r

 

                        









drdrdrd
r

r

drdr
r

r

  

 



















2

0

1

0

2

2

0

1

0
2

2

0

1

0

2

2

3
2

3

3
2

3

 

 

 

                     

For A: 

Use substitution 

                

r

du
drr

dr

du

ru

2
2

2 2





 

  


drd
u

dudud
r

du

u

r

r

r

r

r

r

r

   



 








































2

0

1

0

2
1

2

2

0

1

0

2

1
2

0

1

0

2

12

0

1

0

23

2
12

3

2

3

2

3
2

1
 

A B 
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    216213

21302123

2

0

2

0

2

0

2
1

2
1

2



 









dd
 

 

For B: 

    




23
2

0

2

0

2

0

1

0

3

2

0

1

0

2    ddrdrdr  

 

Thus,  

  



2

0

1

0

21 2

3

r

r

dzrdrd = A – B  

                        
 



826268
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Question 17 

Find the volume of the solid bounded by the surfaces below using triple integrals in 

cylindrical coordinate. 

 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1,0, 2222  yxzyxz      

 

Solution: 

 

                     
2222 rzryx   

 

Volume, V      

 


2

0

1

0 0

2

0

1
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1

ryx
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x 

y 

z 

1 
1 

22 yxz   

122  yx  

1 

1 

-1 

-1 

y 

x 

1
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r
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3

2

0

2

0

1

0
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0

4

2

0

1
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3

2

0

1

0

0
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4
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d

d
r
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r

 

 

 

 

 

(b) 0,4,4 22  zyxzy  
 

Solution: 

 

 
                    

Volume, V     




 


2

0

2

0

sin4

0
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0

4

0

1
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rdzdrddzrdrd   

                  

 

 


















d

d
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r
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2

0

2

0

2

0
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0

0sin
3

2
)2(2
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3

2
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y 

x 

z 

2 
2 

2 -2 

2 

-2 

y 

x 

4 

4 
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3

2

0

unit 160cos
3

8
2cos

3

8
16

cos
3

8
8



















 

 

 

Question 18 

Evaluate the spherical coordinate integrals below: 

 

(a) 
  





2

0

3

0

2

sec

2 sin3 ddd  

 

Solution: 

  








ddddd     

2

0

3

0

2
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3

2

0

3

0

2
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2 sinsin3  

                                  

  













dd

dd

 















2

0

3

0

3

3

0

33

2

0
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sin
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1
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sin 2

23


 

 

                                     




2

0

3

0
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2

0

3

0

tansecsin8 dddd  

                         

 

 

For A: 
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2

1
80cos

3
cos8cos8sin8

2

0

2

0

2

0

2

0

3

0

2

0

3

0









   ddddd  

 

For B: 

Substitute  
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d
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u

22 secsec

tan
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u
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2
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2

0

2

0

3

0

2
3

0
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0

2

0

3

0

2

2

tan

2
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A B 
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2
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2
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2

1
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3
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3
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1

2
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2

0

2

0

2

2

2

0

2

2
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d

dd

 

Thus,  

  





2

0

3

0

2

sec

2 sin3 ddd = A – B 
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Question 19 

Find the volume of the solid bounded by the planes given below: 

 

(a) 

 

 

 

 

 

 

 

 

Sphere  = a, cone  = / 3, and cone  = 2/ 3 

 

Solution: 

 

Volume, V   







2

0

3
2

3
0

2 sin

a

ddd  
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1
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3
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3
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3
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0
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3
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3
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Question 20 

Find the mass of the lamina region R bounded by the graph 1,0,0,  xxyey x  and the 

density 2),( yyx  . 

 

 Solution: 

 

 
 

Mass of the lamina region R 

            

 

   1
9

1

9

1

9

33

3

),(

303

1

0

3

1

0

31

0

3

1

0 0

3

1

0 0
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eee
e

dx
e

dx
e

dx
y

dydxy

dAyx

x

xx

e

e

R

x

x



 

 

 

Question 21 

Find the mass and the center of mass of lamina region R bounded by the given graph and 

density: 

 

(a) 

 

 

 

 

 

 

 

 

 

,1,  xxy x-axis; yxyx ),(      

 

Solution: 

                      

x 

y 

x = 1 

y = e
x
 

1 0 

R 
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Mass of the lamina,    

1

0 0

x

dydxyxm  
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4

1

5

2

4

1
)1(

5

2

4
2

5

2

2
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2
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1

0
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y

xy
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Center of mass =   









m

M

m

M
yx xy

,,  

      
R

x dAyxyM ),(     
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3
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9
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2

6

1

)
2
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32

1
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2
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3

1
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x
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y 

x 
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R

y dAyxxM ),(  
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6

1

7

2

6
2

7

2

2
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0
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7

1

0

2

2

5

0

1

0
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1
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2

1
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x

x
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3
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m

M
y x ;               
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m

M
x

y
 

 

Thus, center of the mass is 








13

6
,

273

190
. 

 

(b) xyyxayx  ),( axes; coordinate ,222   
 

Solution: 

 

 
 

Mass of the lamina, m = 
R

xydA  

Use double integral in polar coordinates; 

Thus, m  
2

0 0

2  cossin




a

rdrdr  

a 

a 

x 

y 

222 ayx   
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8
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8
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R
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2
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2
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2

0

2
5

2

0 0
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5

sincos
5

 sin cos













d
a

d
r

rdrdrr

a

a

 

                                  Use substitution  

                                             




ddu

u

cos

sin
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2

sin
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3
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35

5
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R

y ydAxM 2  
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2
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2
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5
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5
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d
a

d
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a

a

 

                                  Use substitution  

                                             




ddu

u
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Thus, center of mass =   
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M
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M
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Question 22 

Find the centroid for the given regions: 

 

(a) The triangle region enclosed by y = x, x= 1 and x – axis. 
 

Solution: 
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Centroid,  
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R
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R
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1
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1
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2
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1
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 Thus, the centroid is 
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(b) The region bounded by y = x and y = 2 – x
2 

 

Solution: 

 

  
Area of region R 
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Thus, the centroid is 
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