CHAPTER TWO

MULTIPLE INTEGRAL

After completing these tutorials, students should be able to:

evaluate the double integral over the given rectangular region R

find the volume of the solid bounded by the planes

find the area of the region bounded by the curves using double integral
find the volume of the solid bounded by the graphs using double integral
find the area of the region by using double integral in polar coordinates
change the integrand from Cartesian to polar coordinates

calculate ”j f(x,y,z)dV over the given region G
G

find the volume of the solid bounded by the planes using triple integral

find the volume of the solid bounded by the given surfaces using triple integrals in
cylindrical coordinate

find the volume of the solid bounded by the planes given using triple integrals in
spherical coordinate

find the mass of the lamina region R

find the mass and the center of mass of lamina region R bounded by the given
graph and its density

find the centroid for the given region
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Question 1
Evaluate the double integral

” yy1+ y2dA
R

over the rectangular region R = {(x,y):0<x<1,2<y <3}.

Solution:
” Vs /1+ y’ dA:ﬁy,hJr y? dydx _ Substitution Method:
’ 333 u=1+ y2 d_U:2y
Ldu dy
=J Iy(u)Z— dx
olL2 2y «— dy_d_u
iry 2 2T 2y
=I _.(u)z._:| dx
0 2 3 2
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Question 2
Find the volume of the solid bounded by the plane z = x*, x =2, y =3 and coordinate plane.

Solution y

v

Figure 6.1 (a) Figure 6.1 (b)



Volume of a solid is given by,

\Y :H f (X, y)dA where f(x,y)=1z:

Therefore,
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Question 3

Evaluate ﬁ yy/ X% — y*dydx
00

Solution:

j.j' yw/x2 — y?dydx
00

Substitution Method:

) du
< dy:d_u
2y

2y
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Question 4
Let R be a region in the xy-plane and bounded by y = /X, x =4,y =0. Evaluate ﬂ (xy)dA.
R

Solution y
A

y=x

Xx=4
Figure 6.2

Question 5
By using the double integral, find the area of the region bounded by the curves below:

y=—x>+9,x=0,y=0

Solution y

Figure 6.3



Area, A= ﬁldA

Question 6
By using the double integral, find the volume of the solid bounded by these graphs:

x*+2°=16,y=2x,y=0,z=0

Solution
. y
A A
y =2X
x?+72 =16 \y:Zx
> Y
X

Figure 6.4 (a) Figure 6.4 (b)
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Volume,V =H f(x,y)dA
R

Il
—
N
o
>

R
4 2x
=_|. 16 — x* dydx
00
4 2x
:J[y 16—x2} dx
0 0
4 Substitution Method:
= [ 2x\16 - Z}d >
H IR u=16-x> U _ oy
dx
t du . . d
:_J.[Zx\/ﬂ— - simplify 2x dy:——u
0 2X < 2X
af 1
=—I{u2}du
0
- 4
_3 0
- -
=— —(16—x2)2 - substitude u =16 — x?
_3 0
B 3
_3
2
=—<(-64
3( )
2



Question 7
Sketch the region bounded by the graphs below and find the area of the region by using
double integral in polar coordinates :

r=0,r=40=2,0="
27" 3

Solution : 9:%
4
R
2
[ » 6=0
27/34
Area, A= ﬁ 1A= | [1rdrdg
/2 2
27/34 27/ r2 4
[ [ardrde = ﬂ—} do
/22 /2 2 2
27/3
= [(8-2)0
/2
,, 21
=607 = 6{? ——} = 7 unit’
Question 8
By changing the integrand from Cartesian to polar coordinates , evaluate :
(a) 1 1-x?
_f _[ g W’ dydx
-1 0
1
Solution :
R
y=v1-x* = y?=1-x* = x* +y* =1. >
1 1

1-x?

J'e Kyt dydx ”e rdrd@ = Substitution Method; u =r?,du = 2rdr
0

Le—r

=”§e-“dud9

)




2 X
(] dyclx
104X +Y
Solution :
X=rcosd
Whenx=1:>1=rcos€:>r:L
cos @
When x=2=2=rcosf0=>r=——
cos @

2
2 x 7/4 coso
[l L dydx = [ jidrde
10 X2+ Y’ o 1T

cosd

2
/4 coso
=j 1drdé
0 1
cosd
/4 2
J costH
0 c050

/4
J
0
/4
J
0
/4

j (seco)o
0

= [1In|sec49+ tan 9|]g/

CEl
[

cos@}

)

=1In —In[sec0+ tan 0|

- In‘ﬁﬂ— Inft| = In‘ﬁﬂ{

T T
sec— + tan—
4 4
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Question 9

Evaluate the iterated integral below :

X+Z

j. j. I ydydxdz
0-z

0

Solution :

1 zx+z

_[ _[ Iydydxdz

0-z 0
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Wl

r 2 X+
y_} dxdz
L 0
- 5 X2
USRI e

2
L -0

3_Z

1(x+2) iz
2 3 |
[(x+z)3 ' dz
(22)°dz

At
22) } -1 1ie]
4-2 1 48
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Question 10
Calculate m ye*dV given that the region G is G ={(x,y,2):0<x<11<y<2,0<z<4}:
G

Solution :
421 427 02x 1
J.Hyezxdxdydz:”{y } dydz
010 01 2 0
1 42
:EH(yez ~1)dydz
01
1 4‘y2e2 2
3%
_Ej. ﬁ_z — i_ dz
S 250 2 2
1 'y
:ZI(SeZ —3}iz
0
3/, s 3(., 2
:Z(e ~1)zf =Z(e ~1p=3(*-1)
Question 11

Using triple integral, find the volume of the solid bounded by the planes given below :
(@ Cylinder y?+4z% =16 and planes x =0, x +y = 0.

Solution:
2 2

y 14zt =16=J_+2 -1
16 4

Ellipse at the yz-plane, y-intercept at 4 and x-intercept at 2.

y-limit:y=-4 >y=4

2 2
z-limit:; z=- 16—y - Z= 16—y
V 4 V 4

X-limit: x=0—>x=4-y.

16-y?

4-y

V= jg 1dV :1 f Ildxdzdy

16-y?
4
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4 Z

4
. 4y A
B j -“X]O dzdy 2| y*+4z%=16

4 -4 g Y
16-y?2 -2

| [4J16— y? - Y416y }iy

-4

- 4]}/16— y2dy — j‘.yw/16— y?dy
-4 -4

(A) (B)
YA
4 2, 2 _
A:4J' [16 — y?dy 4| y?+2z°=16

4

L Areaof acircle 2 >y

2

with radius4

= 457[(4) =327

Or using the substitution of y=4sind = (% =4cosé

4 V4
A:4j,/16— y2dy = 4j\/16—165in2 0 -4cos o
-4 0



(b)

= 64J‘\/1—sin2 6 cosado
0
:64.[(:0520(16?
0
64J-[cos 29+1}d9
5 2

32{_ sin 20 N 6’}
0

2

o)

=327

4

B= jy\/16 — y?dy —>Substitution method: u=16-y* =

-4

:J'—%uj/zdu

= —E[Eus/zjr
2137 |,

=—§ - y* I,

1
=-—=-(0-0)=0
50-0)
Therefore,

Y, :jjjldv —A+ B =327+0=327 unit®
G

x=0,y=0,z=0, 3x + 6y +z = 6.

Solution :

Whenx=0,y=0 z=6. (0,0,6)
Whenx=0,z=0 6y=6—>y=1. (010)
Wheny=0,2=0 3x=6->x=2 (2,0,0)

1x+1
2 27 T6-3x-6y

VzJ]Jlde!! gldzdydx

du

=2
dy y

N

o 7

3x+6y+z=6

36
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[z dydx

Il
O ——y
O —y

Ex+1
_ 2[6 3x— 6y dydx
0
—£x+1
~ ([oy-3xy-3y?]’

0

—3X+6+§X2 —BX—%X2 +3x—3}dx

Il
Ot N O N O N O =N O'—°N
] ]

Ex2 —3x+3}dx
4

2
_ ix3_§x2+3x =2-6+6=2unit®
12 3 0

Yy +2° =1, Xx+y+z=2,x=0

Solution :

2
6 —1x+1 —3X —1x+1 —3(—1x+1 —0 |dx
2 2 2
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L iy
:I I[x]2 Y dzdy
A f1y?
1 y1y?
:I I[Z y — z]dzdy
Sy
L Sy
:[_22 yz—?l - dy
i

2

) {Z(F) iy 1V)@}

=j4\/1 y? —2y|1-y by
:4‘1[\/1—y2dy—2jl'yw/1—y2dy
-1 -1

(A) (B)

1

A:4jJ1—y2dy
I
L Area of acircle
with radiusl

:4%ﬂaf=2n

1
B= '[ywll— y*dy —Substitution method: u=1-y* = &y =-2y

:j—%umdu

38



(d)

Therefore,

Y :jﬂmv —A+B=27+0=27unit®
G

y=2-2%y=2°Xx+2=4,x=0

Solution :

Xx+z=4

4

A

L —

X

12-

22 4-1

vV ={[[1dv =] j jldxdydz

G
12-72

-1 22
12-72

-1 72

_I[4

1

-1

22

I I[x]g’Z dydz

I I[4— z]dydz

)—4(22)+ z(zz)}jz

= “8—422 —27+7%-47? +z3}jy

-1
1

= J.[8—8z2 +27° —22}1y
e

3 4

1

[82—§z3+ 224 2 22}
2 1

8

(8—§+l—1j ( 8+— +——1j
3 2 3 2

=10g unit®
3

1
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4}111— yZdy
-1

%/_J
1 Area of acircle
A= with radiusl

= 4%;;(1)2 =27

1
jy,/l—yzdy u:l—y2:>d—u:—2y

B=- —Substitution method: dy

Therefore,
v :jﬂmv —A+B=27+0=27unit®
G

Question 12
Evaluate the iterated integral below:

@ j'ﬁ ydxdydz

40



41

N
|
Il
—
__3
=< |
pe] / \
\|\J o~
= <
—|M |
|V0A | ~
~
> =< x| N ™
. © ° = > N v N—
> W ° > !
oo B =~ B .
—lm M Njm N T ™
L_ | | | 1"3 x| ™ [
x < — = > ~ > | - A
S =< 5ol [ < < >| N X_2 ~ o=
5 ¢ - z o ~ x - s ™ < | <t
N 5] Ne— o Ny | | Y—— o ™
"I = = | [ DO S R e SR R
[<2) kel A= = o Il Il Il Il Il Il Il
> > o (5] S X =
— (<5} Q ~N _—s k=)
Ny e o N o = . = w
H——o Lo a5 at—o D, @» he] S
Il I [ I [T 5 N
=< < = =
o o ~ ~
|M |_ﬁ/_u N N
> 2 > _ c _
° o P > o >
) o} 5) &2 =] a2
A — o S| de— o At —y © S| ct——o
Ny AIU2.|-1 N C— m N C—
A —— o )| "= A e T N —

(b)
(©)



Question 13
Evaluate the iterated integral below:

(a) 2 7 x+z

!J; _([ydydxdz

Solution:

2 7 x+z 2z

_” Iydydxdz '(U{ } dxdz

:j:j.%dxdz:jj%dxdz

2z

) i[ I yzdxdzdy

O ey

Solution'

2

I ” yzdxdzdy = I ].[yzx]ldzdy

0-11

(yz® - yz)dzdy

’I_‘!—.‘<N o

3
{(i _ Y_Sj _( y(1°  y(=1)? j}dy
3 2 3 2

Il
Ol b O 2 O e O S

3 2 6
[y oy s 7
24 12 12 24



Question 14
Calculate m ye?*dV given that the region G is defined as:
G

G={x,y,2):0<x<11<y<20<z<4}

Solution:

24
H ye>*dzdydx=
10

[zye? [ dydx

O e
Il Il
P S N P —

ek O Ot Oy

6e2x
2

1
} =3e?-3e’ =3(e’ -1)
0

o
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Question 15
Using triple integral, find the volume of the solid bounded by the planes given below:

(@ x=0,y=0,z=04x+y+2z=8

Solution:
z z
4
4
R z2=4-2x
3 >y
2 > X
2
X
8-4x-22
Volume, V =J'£jdv :”{ jdy}dA
4

,_|><

]8 4x— ZZdZdX

~
>

(8—ax— 27 )dzdx
[82 —4xz - zz] o #dx

{8(4—2x) - 4x(4 - 2x) - (4— 2x)* }dx

Il
Ol N O, N O e, N O e N O Sy N

(L6—16x + 4x? Hix

=[16x —8x?2 +4i
3 0

42°) 32
3

=16(2) - 8(2%) + ~0=""unit‘

(b) Cylinder y* + 4z = 16 and planes x = 0, x + y = 4

Solution:
y’ +42* =16

=1

y. .z
16 4
2
Y_Z_Zl
2°

42
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X
" A Yy
4 y =164z
> z
-2 2
4 y=—16-4z2°

- j[ y } Z
% 2 o
_ i{[am) @] {«-M) _ @ J}d

2 152 152
_[{4(\/16—422)—16 42 ai6—a7 18 242 J}dz
)

2

2 2 2
:_[8\/16—4zzdz:8.|. 4(4—zz)dz:8j2\/4—zzdz
-2 -2 -2

2
=16[4-2°dz
-2
H_J
Half of area of a circle (semicircle) with radius 2
i.e.
Let
2
Iydz
-2
where
y=+v4-2°
yZ — 4_ ZZ

y>+2° =4 =>circle with radius 2



Thus, area of the shaded region (i.e semicircle) is

=16fz\/4— 22dz
=16(27)
=327 unit®

Alternative method:

A

1

==

2
=2r

For

v

(2

sing=2=

2
z=2sin@
E=Zcos¢9
do

dz =2cosad@

2 7=2
j\/4—zzdz= J‘w/4—(25in 0) 2cosedo
-2 7=-2
=2
=2 jcose(,/4(1—sin2 0))do
7=-2
=2
=2 Jcos¢9\/4cos2 0do
7=-2

=4 Tcoszada

7=-2

déo

=2
cos26 +1
:4[2T

46



7=2

_ sm2¢9+9}

L 2 7=-2
r 2
sin Z(Sin - ;j
I N T e
2 2
L -2
sin 2 sin’lg sin 2 sin’li
.42 -2 . 2
=2 +sint S | ——— =2 4sint—
2 2 2 -2
sin 2(”) sin 2(— j
2 T T
=2 +Z- .
2 2 2 ( 2]
=2(0+£—0+1}
2 2
=2r
Thus, volume,
Vv =16J:22\/4—22dz
=16(27)

=327 unit®



Question16
Evaluate the cylindrical coordinate integrals below:

2 .2

ﬁ]zﬁdzdrd&

000

Solution:

IIIzﬁdzdrde 1'1'{2 } drde

(b)

11/V2—r%
j j 3dzrdrdé
0

r

oe—,Y

Solution:
271 1/\/7

3dzrdrdé = | | |3zr Wﬁdrd@
1] [

00
2zl
= —3r? idrd@
IS
27l 3 271
= drd@— | | 3r’drd@
H\/Z r? ”
“ ~ J - Y,
A B
For A:
Use substitution
u=2-r?
%=—2r:dr:—d—u
dr 2r

0r=0 0

1 r=1
r=l 3 d 327”—1 1 3zﬂ E 20
.CU u;[ erjj =——jju 2dudg = - zj{u—%] d9:—3_£[(2—r2)%]
r=0

1

0

dé

48



_ _31”{(2—12)% —(2-0)% }10 - —31”(1—\/5)10
- _3[(1_ J2 )9]2” = —677(1— J2 )

For B:

ﬁerdrde = T[ﬁ]@de = Tde =[o}" =2z
00 0 0

Thus,

271 1\2-r%

” _[3dzrdrd49= A-B
00 r

= 67 +627 27
87 +6v27=(6v2 -8z

Question 17

Find the volume of the solid bounded by the surfaces below using triple integrals in
cylindrical coordinate.

(@)

2=xX"+y*2=0,x"+y*=1

Solution:

X*+y?=r’=z=r?

rZ

Irdzdrd&
0

271 x2+y?

Volume, V = “ jldzrdrd@:
00 O

ot—Y
O ey

49
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=0

2+y2:412

=4,X

Vy+12

(b)

Solution:

|
<

4r —r?sin «9)1rd49

S—"
N C—) o
St—yo

g—rsin@drde
r(4—rsing)drdé =

rz]

[ S—
N O e O A O
M.JO .IH_.JO aM.'.O

Volume, V

2
de
0

sin 0}

3
2 r
3

B

N
Il

T{(Z(Zz) — 2—33sin 6) - O}de



8 2z
= [80 + —cosa}
3

0

=167 + %COSZ/T —%coso =167z unit?

Question 18
Evaluate the spherical coordinate integrals below:
(a) 277)3 2
j j jspz sin ¢dpdgd O
0 0secg
Solution:
2773 2 2773
H‘ .[3,0 singdpdgd 6 = ij sin ¢Lc¢d¢d9
0 O0secg
2z /r/3
:I j( 3sin¢—(sec¢)3sin¢)j¢d9
0
77/ .
“(ssinqﬁ— sin g ]d¢d6
x cos’ ¢
sin ¢ 1
oS ¢ = o y tang = sec’ gtang
2773 2x7/3
= j J85in ddgd o — _[ _[secz ptangdgd O
- NG y
Y Y
A B
For A:
277/3 T 2z 1
.[ j85|n gdgd @ = J'[ 8cosgl°do =— j(cos§ —cosojde = —BJ—EdH =40 =8x
0
For B:
Substitute

u=tang

du , )
— =sec’ g =du=sec
dg ¢ ¢dg

277/3 2x¢=1/3 2 T¢=7/3 27 2 /3
[ [sec? ptangdgdo = | _[udud@ j{ } d9=j[y} do
00 0 0

0 $=0

o1



%),
Il

2
27 (Sln) 2
—EJ' L3 a0 d@:lj
2

=5 0 ( ﬂ)z -
COS—
3

27 27
=j§de= 39 =3z
2 2" |,

0

Thus,
277)3 2
H I3pzsin¢dpd¢d9=A— B
0 Osecg
=8r—-3x
=b5x
Question 19

Find the volume of the solid bounded by the planes given below:
(@) Sphere p=a, cone ¢= n/ 3, and cone ¢g=2 3

Solution:

Volume, V ~ ?.[

A 0
227 @
= .!. .[ ?sm;zﬁdqﬁd@

a® % Via T
=—— J'(cos— - cos—jde

39 3

ad% 1 1 a®’
(Do o

340 2 2 37
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Question 20

53

Find the mass of the lamina region R bounded by the graph y=¢*,y=0,x=0,x=1 and the

density o(x,y)=y’.

Solution:

o

Mass of the lamina region R

= j j o (X, y)dA

®
<

<
N
o
<
o
>

>

o
w |‘<w
| I |
o ()
o
>3

| —
D
<
—w

w
o
>
Il
O ey
D
wl—
>

Ot Ot O %

L0|mw
x>
| —|
2
Il
O
“o
w
|
19)
o
N—
Il
O
—_—
w
|
[ =Y
N—

o

Question 21

Find the mass and the center of mass of lamina region R bounded by the given graph and

density:
@  y=+x,x=1 x-axis; o(x,y)=x+y

Solution:



=

14x
Iy X+y dydx:_”(xy+ y? Hydx
00

1x

I

00

- I
jw +y3} dx
0

54



(b)

M, :H Xo(x,y)dA

X

1f
X(x+y dydx:j_[ X +xy)jydx
00

o'—.xg‘

Il
Ol = O o*—.»—\ o

2
7 1
x2 X
= ——4+ —
7
2 6 o
2 1 19
=4 —=—
7 6 2
3
- M, 10 3 20 6_ -
Y= 713 10713 13’ X=
m 20
Thus, center of the mass is 90 6
273 13
x* +y? =a?, coordinateaxes; o (X, y) = Xy
Solution:
y
xX*+y’=a
> X

Mass of the lamina, m = ﬂ xydA
R

Use double integral in polar coordinates;

Tra
Thus, m = ”r2 sin@cosd rdrdd
00

M,
m

190, 19 20 _190

1
/o 42713 273
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¥ r :
- j{—sinecose} do
0 4 0

Vs
2,4

= I%sin@cosade

7/ a
- I rcosé rsin?@ rdrdd
0

0
7 [ ¢
:I —cosdsin?é | do
0 5 0

257
= J.cosesinzade
5 0
Use substitution
u=sind

du =cos&d@




= ﬂ x> ydA
R

7
= ”r2 cos? @ rsindrdrdé
0

7 5 ¢
= I{—coszesine} dée
0

’7
_a _[cosz fsinado

Use substitution

u=cosd
du=-sin&@
5 0=
-2 I—uzdu
5 6=0
B as'u3i|9‘%
5|3 90
_a cos36’ 7
5|
5
= a cosZ cosO
15 2
=——O 1
(0-1)= 5

— — M
Thus, center of mass = (x y) (—y ﬂ}

m’ ' m
5 a.5
(%45 s SRR
at/"a* 15 a*’15 a*
VA

Question 22
Find the centroid for the given regions:

(@ The triangle region enclosed by y = x, x=1 and x — axis.

Solution:

S7



»
»

7

1

»
»

Centroid, (_ ) (
Areaof R = 5(1)(1) - E

J;I xdA = ﬁ xdydx

J[ xam

R

Areaof R

Thus, the centroid is

£3)- [

1

F\8

(B3
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el

"Areaof R

—x

ydydx

;U:,
<
Q_

o
>

Il
ek O O ——

o
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| |
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o
>
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Il
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(b)

The region bounded by y = x and y = 2 — x*

Solution:

y=xX D
y=2-x° 2

(1) = (2);
/ ; X=2-x*

. L X2 +x-2=0
y (x+2)(x-1) =0
x=-2,x=1

Area of region R
12-x?

zﬂldAzj Idydx

R -2 X

»
»

v
X

Il

—_—
| |

<
| )
x N
>|<7\)

o

=55
- (2(1) —5_%}[2(_2) _ﬂ_ﬁJ

3 2

1 2-x2

'U XdA = _[ jxdydx

R -2 X
1

= _I[w]ixz dx

1 1

=j2(x(2—x2)—x2)dx: [(2x=x —x)ix

-2
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(4_§+lj_£4(_2) _ 5(_2)3 + (_2)5 ]} _
L 35 3 5
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