CHAPTER THREE

VECTOR

After completing these tutorials, students should be able to:

X/
X4

L)

sketch the graph r(t) in 3 dimensions and its position vector

find the tangent unit vector, T to the space curve

find the Tangent Unit Vector, T and Normal Unit Principle Vector, N to the space
curve

determine T,N, B, x and ¢ for a given space curve r(t)

Find velocity, speed, acceleration and direction of a particle

X/ X/
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X/
X4

L)

e

*

R/
L X4

Find displacement vector, r(t)

2 2 2
Find i E 0 2E 0 2E and o’E for a given function F(x,y).
oXx oy Ox oy OXoy

R/
L X4
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Question 1
Sketch the graph r(t) =(2—t)i+3tj+(2t—6)k forall t in 3 dimensions.

Solution:
r)=(2-t)i+3tj+(2t-6)k
X=2-1,y=3,z2=2t-6

t=0,x=2,y=0,z2=-6
t=1x=1Ly=3z=-4
t=2,x=0,y=6,z2=-2

> Y

(0,6,-2)
y /Q/

]

(2,0,-6)

Find the line that passing through (2, 0,-6),i.e t=0,x=2,y=0, z =-6 which is parallel

to U=—1+3t+2k
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Question 2
Sketch the graph r(t) = 2ti +t*k for —2 <t < 2. Sketch also the position vector for r(2)

and r(-1) on the same graph.

Solution: 7

4 _________

r-1 1

v

-2 4

x=2t z=t>
t=-2,x=4,2=4
t=-1x=-2,z=1
t=0,x=0,z=0
t=1x=2,z=1
t=2,x=4,2=4

Question 3
Sketch the graph for the given vector function:

r(t) = 2kos tj+2sin tk

Solution:
y = 2cost z=2sint
=rcost =rsint

A circle withr=2

v
<




Question 4
Given F(t) =2i 5] +12k, (_3(t)=(1—t)i+%h and H(t) =sin ti+e'].
Find the following:

(i) 2F(t)-360)

Solution:

= 2(2i—5j+tzg)—3{(1—t)

+1k},
s

= (1+3t)l—1oi+(2t2—§jg
(i) t2F(t)-3H(t)

Solution:
= t°(2i-5j+t°k)-3(sinti +e¢' j)

_ (2t*—3sint) i +(-5t*-3e') j+t'k

(i) F@®G(W)

Solution:

= (21—5j+t25)((1—t)1+%g]

(iv)  G(t)H(t)

W EOxGl)



(vi)

(vii)

(viii)

(ix)

sint ¢ 0
2e' +1G(t)+10H(t)

Solution:
2¢' +(t—t? +105int)l+(10e‘)i+g

FE}HE)=G)]

Solution:
2e'  5sint
T

HE{G()= E(t)]

Solution:
5sint B

—t%' +t3%

t
t%e' +t3 +2Te

Question 5
Determine r'(t) and r"(t) for the following:

(@)

(b)

r(t) =ti+(t? -1)j + (3- 5tk

Solution:

r')=i+2tj-5k
rey=2j
r@)=(nt)i-t?j+t°k, t>0

Solution:

P =i+ 2t -3k

r'(t)=—t7i-6t"j+12t°k

_—e . sint . t et
1-t 0 %_TL+TJ+(e —te' )k
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Question 6
Find r'(t) and determine r'(t) at the given t values:

r(t)=4kos tj+2sintk, t= %,z

Solution:
r' (t) =—4sintj — 2kostk

r' (%) = —4sin®7 j - 2kos%7k

(A5
= —2V2j -2k

Question 7

If u(t) =ti+t*j+t°k and v(t) =sinti +costj +2sintk , find:

@ L)

dt

Solution:

i[u(t)-\_/(t)]

du(t)
dt

V() +u(). d"?)

:(1+2ti+3t k )(sinti +costj+2sintk ) +
(ti+1* j+t°K ) (kosti —sintj +2costk)
= (1+5t%)sint+(3t+2t°)cost

RRATGRE)

Solution:
d
G l(®)xv(t)
du(t) V(1) +U(t) % dv(t)
i i k
auw® _| 1 2t 3t
dt

sint cost 2sint
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_ (4tsint—3t*cost) i —(2sint—3t*sint) j +(cost —2tsint)k
i j k
t t? t®

cost —sint 2cost

(2t* cost+t°sint) i —(2tcost—t*cost) j +(~tsint —t* cost )k

V0]
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= (4tsint -3t cost +2t* cost +t°sint ) i +(—2sint +3t*sint— 2t cost +t° cost) j +

(cost—2tsint—tsint—t* cost )k

= (4tsint—t* cost+t°sint) i +(—-2sint+3t*sint —2tcost +t° cost) j +

cost —3tsint —t*cost )k
( )

= [(t3 +4t)sint -t cost]l+[(3t2 —2)sint+(t° —2t)cost] j+
t

[— sint+(l—t2)cost]g

Question 8
Find the tangent unit vector, T to the space curve, which is defined by the vector
below:

r(t) =tsin ti+tkostj+ tk

Solution:

% =(tcost+sint)i +(-tsint+cost) j+k

dr i ]
‘dﬁ‘ = \/(tcost +smt)2 +(~tsint +cost)? +12

= \Jt?+2

T=

- [(tcost+sint)l+(—tsint+cost)j +K]
t?+2 B



Question 9
Find the Tangen Unit Vector, T and Normal Unit Principle Vector, N to the space

curve, which is determined by the vector below:
r)=e" i+e" j+ tv/2k

Solution:
rit)=e'i+e"j+ty2k
c;—f=etl—e_ti+ﬁk
d[ _ t)2 “t)2 ﬁ 2
o VE) () +(v2)

=\e’—e* +2

= (et+et)2

—_ et+e—t

dr
- a  ci-etjry2k
‘_‘d[‘_ e'+e

dt

dar [(et +e )(e‘i + e’ti) - (e‘i —e'j+ ﬁk)(et —e)

dt (e‘+e‘t)2
2i+2j+2(e —e)k
(et+e“)2
‘d_I‘: 4+4+2(e" —e')
dt (e‘+e‘t)4
[ 2
(e‘+e‘t)2
72
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c(ij'lt' [2|+2]+J_(e —e' )k J NF)

2 t ~t
(e'+e™) e +e

= e‘+1e-t (2i+2j—(e' —e")k]

Question 10
Find the integration value of :

(sinti —kost j + tantk)dt

Ot |y

Solution:

IR

j(sinti— kost j + tantk)dt
0

74 Slnt
COSt

[—kost]; [smt i +I

[ —kos 7, —(—k0s0) | i —[sin7;—sin0] j +[ In |C°5t|]?
1

= :—ﬁ+1}1—[%—0}!+[—In|cos%|—(—|n|cosO|)JK

= p%j —% +[ InZJK




Question 11
Determine T, N, B,«x and ¢ for space curve r(t) below:

(@  r(t)=(3sint)i+(3cost) j +4tk
Solution:

(;_[ =(3cost)i —(3sint) j +4k

‘%ﬂ = J(3cost)? + (-3sint)? + (4)’

:J9(coszt+sin2t)+16
=9+16
:Jﬁ

=5

_ (3cost)i —(3sint) j+4k 1

5 5

[(3cost)i —(3sint) j +4Kk]

|—
[l
oY ‘&) S ‘|9;‘

o
ot

| _ [(3r) o Beost|
== sint | + cost
ot 5 5

:\/i(sinthrcoszt)
25

= %[(—3sint)1 —(3cost) j]

_3
5
I L1 3sint)i - (3cost) j]
N=O -5 -
N=ror 3
P 5

:%[(—SSint)i—(Scost)i]

=—sinti —costj
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B=TxN
i j

k

:Ecost _—33int ﬂ
5 5 5
0

—sint —cost

:ﬂcostl—ﬂsintj—§g
5 5 =5

6B 4 .V ( 4 ?
—|=,|]| —=sInt | +| ——cost
ot 5 5

=\/2—2(sin2t+coszt)

b))  r)= (et cost)i +(et sint)j+ 2k
Solution:

r . . L
%— =(-€'sint+e' cost)i +(e' cost+e'sint) j

or - -
== \/(—et sint+e' cost)® + (—(e' cost +€'sint))?
:\/eZ‘(sinzt+c032t)+e2t(sin2t+coszt)
— 'eZ’[ +e2’[
— 2e2t

= \/Eet
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ar
ot _
or

(—€'sint+e'cost)i + (e’ cost +e'sint) j

J2e!

T=

ot

1 : : PR
_ﬁ[(—smt+cost)l+(cost+smt)i]

o 1 o : :
= =—[(~cost—sint)i +(-sint+cost
- \/5[( )i+( )il

) _ \/1(—cost —sint)® +(-sint +cost)?
ot 2

= \/E(coszt+sin2t+25intcost+sin2t+coszt—25intcost)

a

1

1 o . :
ﬁ[(—cost—smt)|_+(—Slnt+COSt)1]

1

|12
Il
S ‘|3|) R ‘|3

1 L :
= _E[(cosusmt)yr(smt —cost) j]
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| =

o

0

B=TxN
i ]
—i(—cost—sint) i(—sint+cost)
V2 V2
—i(cost+sint) —i(sint—cost)
J2 J2
:Oi—oi'{%(cost—sint)(cost—sint)—(—%(cost+sint)zﬂg
_1 - 2 - 2
_E[(cost—smt) +(cost +sint) ]K
=1[2coszt+23in2t]g
2
=k
@=0k=o
a n
oB
= = 02
A
=0
or
or| Ve
ot
B
ot 0
t = = =0
or| e
ot
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Question 12
Given that displacement vector ,
r(t) =(3cost)i+(3sint) j +t*k
Find velocity, speed, acceleration and direction of particle at t =2.
Solution:
or L .
V= i —3sinti +3costj + 2tk

Velocity, v|_,=-3sin2i +3cos2j +4k

|v| = /(=3sint)? + (3cost)? +(2t)?

— \J9sin?t +9cos? t + 4t?

=9+ 4t?
Speed, |v|_, = J9+4(4) =25=5

a=—_=-3costi —3sintj +2k

Acceleration, al_,=-3cos2i —3sin2j+2k

— v —3sin2i +3cos2j+4k
Direction, E, |,_,=—== =
i 5
:1(—3sin21+3coszj +4k)
5 =

Question 13
Given that velocity, v(t) = —3i+sin”t j +sin”tk .
Find displacement vector, r(t) if r(0)=j.

Solution:

or T P
\_/(t)zaz—3!+sm tj+sin“tk
r(t) =j(—3g+sin2ti+sin2tg)at
= —3t1+j(sinzt)dti+j(sin2t)atg

:—3t1+1[t—5m2t +c1} j +l[t—SInZt +c2}g
2 = 2 2




Given that r(0) = j, therefore

[(0)=Ol+%[0—0+q]l+%[0—0+c2]5= Cj +%Czk=l

N| =

=¢ =2andc,=0

ety ——ati + L[St o) 4 _sin2t]
2 2 =2 2

= —3tl+%[2t—sin 2t+4]i+%[2t—sin 2t]k

Question 14
Given that vector function,

Find:

(a)

F(x,y) = (2x2y - x“)i+ (exy —ysin x)j + (xzkosy)g .

JE
OX

Solution:

23
T
Il
1
Il
N
>
NS
+
—_—
x
D

Z
|
®,
=]
>
N—
[—
+
|
>
N
®,
=]
<
N—
|=

2
oF F, = (4y—12x)i +(y’e” +ysinx) j +(2cos y)k

X2
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=F, = (xzexy)l—(x2 cos y)g

OXoy

Solution:

o°F
==F, = 4xi+(xyeXy +e¥ —cos x)i—(szin y)k

oxoy

Question 15
Given that vector function,

Find:

(@)

(©)

E(x,Y) =(2xy)i+(x2 —2y)j+(x+ y2)g :

JE
OX

Solution:

oF _ F.=2yi+2xj+k
OX =

E—: F,=2xi-2j+2yk
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(d)

(€)

0*F

oy°®

Solution:
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