44 Gauss-Seidelmethod ...
The Gauss-Seidel method is the most commonly used iterative method, which employs

initial guesses and then iterates to obtain refined estimates of the solution. The Gauss-
Seidel method is particularly well-suited for large numbers of equations.

A matrix A of dimension NxN is said to be strictly diagonally dominant provided that

N
IaKK|>Zlakj; fork=1,2,...N
A

This means that in each row of the matrix the magnitude of the element on the main
diagonal must exceed the sum of the magnitudes of all other elements in the row.

For example, given linear system

......



The coefficient matrix of the linear system above is strictly diagonally dominant because:

In row 1 : [8|>’1|+,_1[
In row 2 : |-7]>[1]+]2]
In row 3 : 19]>]2]+]1]

Gauss-Seidel iteration — To solve the linear system AX=b by starting with the initial
guess X = Py =0 and generaiing a sequence { Py} for k= 1, 2, 3, ... k that converges to
the solution. A sufficient condition for the method to be applicable is that A is strictly
dominant.

In the Gauss-Seidel iteration method, the linear system

AX=b
Or
811)(1 +a12X2 A a-mxn = b1

321)(1 +622X2 +...+32nxn :bz

X1+ 8ppXy .. +a,,X, =b,

can be written as
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or in the general form
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The process is repeated until kth iteration while

K k-1
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where error tolerance & is given.

Vi=1,2,3,...,n



Example:
Use the Gauss-Seidel method to obtain the solution of the linear system

12x; + 3xz — X3 = 15
X1+ 8xp + X3 = 20
2X1 - X + 10)(3 = 30

accurate to within € = 0.001.
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Assume X® =0
(&} 5] 5]

k X4 X2 X3 ” B _ (D) “w
0 0 0 0
1 1.25 2.3438 2.9844 2.9844
2 0.9128 2.0129 3.0187 0.3372
3 0.9983 1.9979 3.0001 0.0855
4 1.0005 1.9999 2.9999 0.0022
5 1.0000 2.0000 3.0000 0.0005

.. X= (%1, X2, X3)" = (1.0000, 2.0000, 3.0000)




Example :
Use Gauss elimination to solve

2X, +X,—X, =4
4x, + x, +2x, =10
3x,+x,+x,=171.5



Gauss Elimination

Operation multiple ain(x1) | a(x) ais(X3) b;
2 1 1 4
4 1 2 10
3 1 1 7.5
2 1 -1 4
Rz+myR — 0 -1 4 2
2 MRy m1__%:_4:_2
a, 2
Rs+mzR1 m a8, -3 0 1 5 3
2 a, 2 2 2 2
2 1 -1 4
0 -1 4 2
Ra+tmaR; m a,, -2 1 0 0 1 1
e, -1 2 2 2
Back substitution: 2X, +X,— X, =4
~ X, +4x, =2
1 1
—X3 -
2 2
)5
xsz-—j—g—=1 =X, +4(1)=2 L xy=2
bz
2x,+2-1=4 . x=15




Example :

Use the methods of Gauss elimination to solve
10x, =7x, =7
—3x, +2.099x, + 6x, =3.901
Sx,—x, +5x, =6




Gauss Elimination

Operation multiple an(xq) | ap(xz) a3(xs) b,
10 -7 0 7
-3 2.099 6 3.901
5 -1 S5 6
10 -7 0 7
R2+m1R1 m, = a,, _:.._3 —03 0 -0.001 6 6.001
a, 10
Ra+maR 5 0] 2.5 5 25
B BRSO D
a 10
10 -7 0 7
0 -0.001 6 6.001
R3+m3R2 a;, 2.5
m, =— =— = 2500
3 a,, — 0.001 0 0 15005 15004

Back substitution:
15005x, = 15004

—0.001x, + 6x, = 6.001
10x, —7x, =7

Compare with the exact solution of x; = 0, x,

Coxy = 0.99993
x, =—1.5
Sox; =—=0.3500

Hence the solution is x; = —0.35,x, =—1.5,x, = 0.99993

=-lx; =1




Gauss elimination with partial pivoting

Operation multiple Rin(x1) [a{xz) Bis(xs) | bi
10 -7 0 7
-3 |2.099 6 [3.901
5 -1 5 6
10 -7 0 7
Ro+miR — 0 |-0.001| 6 $.001
s m == _"3_03
a, 10
R3+m2R1 - =_a3] _ i:_{)_s 0 2.5 5 2.5
i a, 10
10 -7 0 7
0 }-0.001 6 6.001
10 -7 0 7
0 25 5 2.5
Ra+msR 0. 0 0 [6.002 6.002
e o2 00014 60004
an
Back substitution:
6.002x, =6.002 x, =1
2.5x, +5x, =2.5 x, =1
10x, = 7x, =7 x, =0

This, in fact, is the exact solution.



LU

Decomposition
AX=Db

In matrix form (matrix 3x3), this is written as

A=LU
dyp A 1
Ay, Ay (=4,
dy; Ay | |4
dy, 4p U
Ay, Ay |=|Lyuy
ay, ay | Ly
a1 = Uqq
a2 = Un2
a3 = Uga
a1 = b1s

82 = bUa+ U

[ —

0 Ofu, u, u;

1 0l 0 uy, u,

U, U,

oy, +uy, oty + Uy

Cathyy + o1y Loy, + £y, T Us; |

a3 = bz * Uz
as1 = 31Uy
azz = l3qlya + l3olsy

Azz = laqlyz + faolinz + U



Example :

Use the factorization A=LU to solve the system

—2x, = 3x, +4x, =1
-2x, +2x, —3x, =2

X, +2x, —x, =3




a, a, 4aj; 1 0 Ofu, u, U,

A=la, a, ay =14, 1 0] 0 Uy Uy,
%" ay; 4y a4y £y 25 1] 0 0 u,
-2 -3 4 Uy Uy U
A=| 2 2 -3|= £oyuy, Loy, +y £ty + iy,
1 2 -1 gy Ly +Eopuy £ u,+ £ty + Uy,
s D= U11
* -3 = Uy
"4 =iy

2 2= bty o b=~ 1

2= hihg tUp —>2=3+ Uy - -1=Upy
3=zt Uz > -3=-A4+ Uy 1= Uy
1=hstne o =12 = fyy

2 = lyqin + bl —> 2= 3/2 + lipu (1) . —(1/2) = sy

1 0 0 -2 -3 4
Zl=1-1 1 o [Ul=| 0 -1 1
b1y 0o o >
L2 2 _ 2]



First use the forward-substitution method to solve LY = b

1 0 0|x»n 1
-1 1 0|y, (=] 2
-— —— 1y -3

-y.l:’l
-—y1+y2=2—)—1+y2=2 y2=3

1 1 1 1
vy —— Yt Vs =3 > —— (1) —= (3)+y3=-3
2?1 2}’2 Y3 2() 2() ¥s

-2 =3 4jx
0 -1 ljx,|=|3
3
60 0 =|x -1
2
r —x3=-1-> X -—E
3 3 3
11
'—X2+X3—3—)—X2 ——=3 X2=—-§-

» 2% — 3% + 4x3 =1 > —2X1- 3(«-”%1) +4(—%)= 1

LY T -1

SoXeE =



LU decomposition version of Gauss elimination

Gauss elimination can be use to decompose [A] into [L] and [U]. This can be
easily seen for [U], which is a direct product of the forward elimination.

Recall that the forward-elimination step is intended to reduced the original
coefficient matrix [A}] to the form

a11 a12 a'IS
[U] =10 aéz a;_s
r

i 0 0 a, |

which is in the desired upper triangular format.



% The matrix [L] is also produced during the step where

a a a.
=21 , =3 , j.. =232
3 a11 7 a11 ¥ aéz
1 0 O
L]={/,, 1 0
ml 31 / 32 1__

ence, for example before:

-ind matrix L and U using Gauss Elimination

—2x, = 3x, +4x, =1
2x, +2x, = 3x; =12

X, +2x,—x, =-3



1




Example:
Use the Gauss-Seidel method to obtain the solution of the linear

system

12X1 + 3X2 — X3 = 15
X, + 8X2 + X3 = 20
2x1 — Xo + 10x3 = 30

urate to within ¢ = 0.001.
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Assume x@ =0

k x;® x\ x5 ”x(k) _ x(k—1)”w
0 0 0 0

1 1.25 2.3438 2.9844 2.9844

2 0.9128 2.0129 3.0187 0.3372

3 0.9983 1.9979 3.0001 0.0855

4 1.0005 1.9999 2.9999 0.0022

5 1.0000 2.0000 3.0000 0.0005

- X= (X1, X2, Xa)' = (1.0000, 2.0000, 3.0000)




