CHAPTER FOUR

PARTIAL DIFFERENTIAL EQUATIONS (PDE)

After completing these tutorials, students should be able to:

X/
°e

determine whether the given partial differential equations are separable

separate the PDE into appropriate ODE and solve the PDE by using the method of
separation of variables

solve the given initial value problem of heat equation

separate the PDE into appropriate ODE and solve the PDE by using the method of
separation of variables

solve the given initial value problem of wave equation
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Question 1

Determine if the following PDE’s are separable. If so, separate the PDEs into appropriate

ODEs:
(@  oau(xt)
ot

82u(x t)

=k +u(xt)

Solution:

Let u(x,t) =w(X)G(t)

w ()G (t) = ky"()G(t) + w(X)G(t)
=G()[ky () +w(x)]

G (t) _ky () +y(x

G(t) v (x) (Separable)

(b) U azu(x t)
ot
Solution:

+u(x.t)

Let u(x,t) = (X)G(t)

my (X)G (t) =ky "(x)G(t) +y (X)G(t)
=Gy (x)+y(X)]

G(t) _ky (x) +y(x)
G(t) y (%) (Separable)

(©)  au(xt) 0 ()azu(xt)
o ox

Solution:

aug,t) 6[ K(x )au(x t)] u(x.1)

ou(x,t) _ ou(x,t)ok(x) K ou(x,t)
o X ox?

+ u(x,t)
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Let u(x,t) =w(X)G(t)

w()G (1) =y )Gk (X) + k(X" (X)G(1)) + w(X)G(t)
=GOy Ok (X) +k(X)y (X) +w(x)]

G (1) _ k(y () +w (K (x) +y(x)

G(t) v (%) (Separable)

@ 2ulxt) _ 2 QU0
ot? ox’ '

Solution:
2 2
o°u(x,t) _? 0 u(>2<,t) ‘U

X, t
ot? X (x)

Let u(x,t) =w(X)G(t)

w ()G (1) = c’w" (X)G() + w(X)G(t)
=G(t)[c’y (X) +yw(X)]

G (1) _c’y (N)+y(x

G(t) (%) (Separable)

2 2
) o u(>2(,t) _ 20 u(>2<,t) _ou(xt) Fu(x.t)
at at X
2 2
o%u(x,1) ¢ otu(x.t) m@u((;t(,t)

e e + u(x,t)

Let u(x,t) =w(X)G(t)

w(X)G (1) = c’w" (X)G(t) — my (X)G(t) + w(X)G(1)
=G(t)[c’y (X) —my (X) + ()]

G (t) _c'w (x) —my (x) +y(x)

G(®) v (x) (Separable)

(f) Qu(x,t) o au(x,t) | au(x,t)
p(X) e —a[c(x) PV }— o

Solution:

Qu(xt) _ o au(x,t) ] au(xt)
P _ax[c(x) o } ox
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Let u(x,t) =w(X)G(t)

r(x)y ()G (t) =c (x)y (X)G(1) +c(x)y "(X)G(1)) -y (X)G(t)
=GO)[c (xy () +c(x)y (x) -y (x)]

G (1) _ c(xy () +c(x)y (x) ~y (x)
G(1) r(x)y (x)

(Separable)

Question 2
Consider the PDE:

ou(x,t)
ot

(@)

2
— 49 gf:z(’t) for each set of BCs and ICs and solve the initial value problem.

BCs:u(0,t) =0;%=0 and IC:u(x,0) = x
X

Solution:
ou(x,t) :482u(x,t)
ot ox*

G () (x) = 4Gy (x)
[XORAC
4G(1)  w(x)

First solve the spatial equation to determine the valid value of 4
Case1: 1 >0

y () =L (x)
mZ — 2/2
m==+A

(X)) =Ce” +Ce™
BC:w(0)=C,+C, (1)

BC: w(27)=Ce*™* +C,e?® =0 (2
Compare (1) and (2) gives C, =C, =0
No eigenvalue for 4> >0

Case2: 2° =0
w (x)=0

y (x)=C,
w(x) =C;x+C,
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BCs: w(0)=C, =0
w(27) =22C, =0
C,=0

No eigenvalue for A =0

Case 3: 1° <0

y () =-Aw(x)

m? = —42

m =i

-y (X) =C, cos Ax + C, sin AX

BCs: ..y (0)=C, =0
w(2r)=C,sin2z4 =0
sin274 =0, z,27,3r,.......

n

Eigenvalue, A4 :2 n=0123,.......

Eigenfunction, ,(x)=C,sin 2 X
For time equations 4> <0

G (t) = 42°G(t)

G, (t)=D e

There are an infinite number of separated solutions of Q2 (a), one for each n.
There are

u, (1) =G, O, (x)
=b.e* " sin (2n_2—1) X ;n=1234,...andb, =D,C,

The sum of the solutions is again a solution, so
- z . 2n-1

u,(x,t)=>" be*"sin
=1

X

Determine b, using initial condition and apply orthogonality

u,(x,0)=x*-2m=>" b,sin X
n=1
Note that L =7
b, :Er (x* —22x)sin 2
7Z' 0

:E[[_ 2 (x2—27zx)c052r]2_l ]”—r 2 (2x—27r)cos2
T

0 x dx
2n-1 ° 2n-1
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:%[ [ _2n2—1(X2 — 271) COS 2n2—1 ]g—L” ﬁ(Zx—Zn)cos N1, ox |
8 z 2n-1

:mj'o (X — 77) cOS x dx |
8

:ﬂ(Zn—l){ [ 2n_:|_(x_ﬂ-)Sln 2 X ]o _j sin x dx }

16 ~ . 2n-1
- - d
{ J. Sin X ax }

z(2n—=1)% " o
16 2 2n-1_
- 2[ cos X ]o ]
z(2n-1)°" 2n-1 2
- 32 Jo0-1]
z7(2n-1)
___ %2
z(2n-1)°
U, (x,t)=>" —Lae‘““ztsin 2n-1,
n=1 7[(2“—1)

(b) BCs:u(0,t)=0;u(2,t)=0 and IC:u(x,0)=sinx

Solution:
ou(x,t) :462u(x,t)
ot ox*
G (D (x) = 4Gy (x)
G v
4G(t)  w(x)

First solve the spatial equation to determine the valid value of 4
Case1: >0

y () =L (x)

m? = A2

m==+4

LX) =Ce” +Ce ™

BC:w(0)=C, +C, @

BC: w(27) =C,e”* +C,e ™ =0 (2
Compare (1) and (2) gives C, =C, =0
No eigenvalue for 4> >0



Case2: =0

y (x)=0

y (x)=C,

w(x) =Cyx+C,

BCs: w(0)=C, =0
w(27) =22C, =0
C,=0

No eigenvalue for A =0

Case 3: 1* <0

y (X) =2y (x)

m2 — _12

m=+Ai

-y (X) = C, cos Ax + C, sin AX
BCs: .y (0)=C, =0
w(27r)=Cysin27z4. =0
sin274 =0, z,2x7,3r,.......

n

Eigenvalue, A :2 n=0123,......

Eigenfunction, ,(x)=C,sin g X
For time equations A*> <0

G (t) = -42°G(t)

G, (t) =D, e "

There are an infinite number of separated solutions, one of each n. there
are

u, (x,t) =G, (O, (x)
—p e " singx n=1234,..and b =D,C,
The sum of the solutions is again a solution, so

- % . N
u,(x,t)=>" be " sin = x

n=1

Determine b, using initial condition and apply orthogonality

u,(x,0)=sinx=>" b, singx
n=1

Note that L =27
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b, _2 sin xsin 2 x dx
21 %0 2
=£{ [ _Zsinxcos\x ]§”+fﬂ 2 cos xcos Y xdx }
7 n 2 °© n 2
=£'[2” cos xcos L xdx ]
M 0 2
:3{ [ 2 cos xsinMx ]§”+_[2” 2sinxsin M x dx |
M n 2 °© n 2
4 2z . . N
:F{-[O smxsmExdx |
4
:an
Will give b, =0except when n=2

2 . .
b, =— sin xsin x dx
27 %0

=1J.2” sin? x dx

T 0

_ 1 27 2
_EJ'O (1—cos” x)dx

1 27 2z
:E[L 1dx—J'0 cos 2x dx |

_1
27
= i{ 2r }
2
=1
From the argument above, the solution for u(x,t) exist when n=2, i.e.,
su(x,t) =e ™ sinx

{ X[ —%sian I}
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Question 3
Consider the PDE:

ou(x,t)  du(xt)
o ox
Solve the initial value problem subject to:
u(-z,t) =u(z,t)
BCs:1 ou(-z,t) au(r,t) and IC:u(x,0)=x’
x

au(x,t)  o’u(x,t)
ot o’
G (D (x) =GOy (x)
GO _v®
Gt w()

First solve the spatial equation to determine the valid value of A
Case1l: 1*>0

y (x) =Ly (X)

m? = 2°

m==xA4

(X)) =Ce” +Ce™

BC: u(-x,t) =u(x,t)
y(-7) =y(7)
ce*+Ce™=Ce™+C,e*
(C1 - Cz)e_m = (Cl _Cz)eM @
w (X) =Ce™ —C, e
BC: ou(—,t) _ ou(x,t)

ot OX
y (-m) =y (7)
C ™ —-C,le™™ =C e ™™ —-C, "
(C1 + Cz)e_h = (Cl + Cz)eﬂﬂ (2)
Compare (1) and (2) gives C, =C, =0
No eigenvalue for 4> >0

Case2: 1 =0
y (x)=0

y (X)=C;

w(x) =Cyx+C,
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BCs: y(-7) =y(7)
-C,7+C, =C,mr+C,
C,=0

No eigenvalue for 4> =0

Case 3: 1’ <0

y (x) =-2w(x)

m? = -A>

m==+A

- (x) =C, cos Ax + C sin Ax

BC: .w(—xn)=yw(n)

C, cos(—Ar) + C, sin(—Ax) = C, cos(Ar) + C, sin(Ax)
C, cos(Ar) —C, sin(Ar) = C, cos(Ar) + C, sin(Ax)
2C,sin(Ar) =0

w (X) = —C Asin Ax + C A cos Ax

OX OX
—CAsin(-Ar) + CsAcos(—Ar) = —C. Asin(Ar) + C A cos(Ar)
C.Asin(Ar) + C A cos(Ar) = -C Asin(Axr) + CgAcos(Ar)
2AC.sin(Ar) =0
sin(Az) =0 A =0,7,2x,3r7,......
Eigenvalue, A4, =n n=0123,.....
Eigenfunction, w,(x) =C, cosnx+ D, sinnx

For time equations A*> <0
G (t) = -A°G(t)
G,t)=H,e™"=He"

There are an infinite number of separated solutions, one of each n. there are
u,(x,t) =G, (O, (x)
—g it (A, cosnx+ B, sinnx) ;n=1234,..and A, =H C B, =H_ D,

n n?’ n

The sum of the solutions is again a solution, so

u,(x,t)=>" g (A, cosnx + B, sin nx)

n=1



82

Determine b, using initial condition and apply orthogonality

u, (x,0)=x*-x= Z (A, cosnx + B, sin nx)
n=1

Note that L =
A, :ir (x? — x)cos nx dx
/4 -

1 1., . . (1 .
:;[ [ H(x — X)sin nx ]—”_Lz E(Zx—l)smnx dx ]

=—i[” (x—1)sin nx dx ]
nzx -

:_i{[ ——(2x Tycosnx |” +I —COSﬂXdX

nz
=— 3 [ —{ (2x—=1)cosnx — (-27 —1) cos(-nr) }+Esin nx dx |*_

Nz n

1
~ el i ]

_AED°
==
B, =1r (x? —x)sinnx dx
g
1 1., o 1
=;[[ _H(X — X) cOs NX ]7”+J:” H(Zx—l)cosnx dx |
:ni{ —[ (#% = 7)cosnx — (z* + 7) cos(—nr) ]+r (2x —1)cosnx dx }

- -

1 1 2
=—n—[ [ (-1 27z+—(2x—1)sm nx |* —LT —sin nx dx |
- [( 1)"27+0— j —smnxdx]

1 n k4
:_E[ &) 27r+F[ cosnx |°_ ]

:—i[ (—1)“27r+£2(cos nx —cos(-nz)) |

nz n
_2(=1)"

oo

un(x,t)zi ’”‘(( D’ cosnx+¥sinnx)

n=1



Question 4
Consider the PDE:
ou(x,t) _o%u(xt)
7 =9 2
ot OX

For each set of BCs and ICs, solve the initial value problem.

(@) u(x,0) =px—x?
Ju@,1)=0 :
'{u(p,t):O ICs: wzo

let u=X(X)T(t)

o2u(x,t) _ o%u(x,t)
atz = 9 aXZ
XT =9X'T

T X
— =— (separable
OT X (sep )

Case1: k=172

X =1?X =0
m?>—12=0
m2:| 2

m ==l

X = Ae'* +Be™*

From boundary condition

u(0,t)=0

0=Ae'®@+Be” @

0=A+B = - (1)
u(p,t)=0

0=Ae'® +Be'® )

By comparing (1) & (2), we get A=B=0
. no eigenvalue for k =12

Case 2: k=0
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From boundary conditions
u(0,t)=0

0=C+D(0)

C=0

u(p,t)=0

0=C+D(p)

Dp=0

D=0

.. No eigenvalue for k =0because C=D =0

Case 3: k=-1I2

+

=Ecos| x+Fsinl x

xX 3 3
Il

From boundary conditions
u(0,t)=0
E=0

u(p,t)=0
Ecoslp+Fsinlp=0
Since E=0, Fsinlp=0

sinl p=0, because F =0, otherwise trivial solution.

Ip =0, 2x, 3=, ...

1 =0,1,2,3, ...

Eigenvalue, | . =n; n=0,1,23,...
X =Fsinnx

For time equation (k =—I ?)
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T _
aT

T =-01 7T
m? =-9| 2
m==3l i

T=Gcos3l t+Hsin3l t
T =Gcos3nt + H sin3nt

sou, = X()T ()

= F sinnt(G cos3nt + H sin 3nt)
=sinnt(A, cos3nt+ B, sin3nt)
Where A, =FG, B, =FH

From initial boundary,
u(x,0)=px—x*=>"" A sinnx

L = (from boundary conditions)
2 ¢p In -
A, _BJ'O (px—x)sinnxdx

:ijxsinnxdx—gj'pxzsinnxdx
0 p 0

_ ) p
p sinnx |” 2| x? 2X . 2

=2| —Zcosnx+ —Z| —Z-cosnx+ = sin nx + - cos nx
n n |, p| n n n .

- p
D P2l X 2
=2| —TcosNX | —=| —=-C0SNX + - COS NX
n . Pl n n .

n’p n’p
4
:nT(l_COS np)
p
4 n
gl

n’p

From initial boundary,

ou(x,0) 0

ot
% =Y [-3nA,sinnt+3nB, cos3nt|sinnx
ou(x,0)

p > [3nB,]sinnx =0

85



B, =0

n

4

——[1-(~1)" |cos3ntsin3nt
np

suxt)=>"

(b) u(0,t)=0 u(x,0) =sinx

BCs: au(B,t) and ICs: ou(x,0)
2__o x
OX

let u= X(X)T(t)
o2u(x,t) _ %u(x,t)
PO
XT =9X'T
T X
— =— (separable
aT X (sep )
Case 1: k=12

0

X" =1%?X =0

m*—12=0

m? =12

m =+l

X = Ae"* +Be ™

X =Ale*—Ble"

From boundary condition

u(0,t)=0

0=~Ae'@4+Be'©®

0=A+B - (1)

au® )
2_—0

OX
P 1P
0=Al el(z)—BIe ' . )

By comparing (1) & (2), we get A=B =0
. No eigenvalue for k=1 ?

Case 2: k=0
DA
X

2

X" =0
m<=0



m=m,=0
X =Ce!”* + Dxe!”
X =C+Dx
X =D
From boundary conditions
u(0,t)=0
0=C+D(0)
C=0
au® )
2 " _po

OX

D=0

.. No eigenvalue for k =0 because C=D =0

Case 3: k=—1I?

X _ e

X

X +12X =0
m?>+12%=0

m*=—I?

m=x=li

X =Ecosl x+Fsinl x

From boundary conditions

u(0,t)=0
E=0
au® v
2__o
OX
X =—l Esinl x+1 Fcosl x

X =l1Fcoslx (E=0)

| Fcosl x=0

cosl x =0 because F =0 otherwise trivial solution.

N |

L
2'2'2"°
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_@n-Dp. 155

Eigenvalues, | , =2n-1, n=1,2,3,...
X =Fsin(2n-1)x

For time equation (k =—I ?)

T _

oT

T =-91°T
m? =-9| 2
m==3li

T =Gcos3l ;t+Hsin3l t

T =Gcos3(2n-1)t+Hsin3(2n-1t

su, = X(X)T ()

= Fsin(2n—1)t[Gcos3(2n -1t + H sin3(2n 1)t
=sin(2n—1)t[ A, cos3(2n—1t+ B, sin3(2n-1)t]
Where A, =FG, B, =FH

u, (x,t)= isin(Zn —Dt[ A cos3(2n—1)t + B, sin3(2n-1)t]

From initial conditions,
u(x,0)=sinx=>%"" A sin(2n—-1)x

L= % (from boundary conditions)

2% .
A, :Hj‘ozsm xsin(2n-1)x dx
2

The solution exists when n=1

4.5 .
AW:BJ'OZsmxsmx dx
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P
=£I21(1—c032x)dx
p-o2

2 P
= BIOZ (1—cos 2x)dx

P
Zg{x—lsin ZXT
p 2 0

_2p
—p(z)
=1

augt(,t) =>"" [-3(2n—-1)A, sin3(2n—-1)t +3(2n—-1)B, cos3(2n—1)t]sin(2n—1)x

From initial conditions,

au(a);, 0)_ > [3(2n-1)B, Jsin(2n—1)x

ou(x,0)
-

0

>...[32n-1)B,Jsin(2n-1)x =0
B,=0

n

~.u(x,t) =cos3tsin x
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Question 5
Solve the initial-boundary value problem:

u, (x,t) =4u, (x,t), 0<x<2, 0<t<oo
u(0,t)=u(2,t), 0<t<oo

u(x,0)=%sin%x, ut(x,O)z—sin%X, 0<t<2

u(x,t) =4u(xt)
XT"=4X"T
T" B x"
T X

Case 1

(separable)

u(0,t)=0

u(2,t)=0
0=Ae* +Be* ————(2)

Comparing (1) &(2), we get A=B=0
.. no eigenvalue

Case 2
k=0
DAY
X
X"=0
m? =0
m=0@m=0

X =C + Dx
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From BCs:
u(0,t)=0
0=C+D(0)
C=0
u(2,t)=0
0=C+D(2)

D=0
..no eigenvalue

Case3
k =-A42

X"=-1*X

m? =-2*

m ==+ Ai

X = Ecos AX + F sin Ax

From BCs :
u(0,t)=0
0=EcosO+Fsin0
E=0

u(2,t)=0
O0=Fsin24
F =0, otherwise trivial solution

sin24=0
2A=m,27x,3r,4r,...

}L:n—ﬁ; n=123,...
2

X :Fsinn—ﬁx
2
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For time equation (k = —4%)
T mn

— =)
4T
T"=—42°T
m? =-4,2
m=+2i

T =Gcos2At+Hsin2A4t
T =Gcosnxt +H sinnzt

U=XT
Nz :
= (F sin 71)(Gcon7zx+ H sinnzx)
= (A, cosnzt+ B, sinnzt)sin n%[x
» . . nr
u,(x,t)=>"" (A, cosnzt+B, sin n;rt)sm7x

u(x, O):—sm—_z LA n%

L=4 (from BCs)
2¢41 . ©# . nx
=—| =sin=xsin— xdx
A J.02 2 2
:lrsinzxsinn—ﬂxdx
47 2 2
Solution exists when n=1
2041 . 7 . &
=—| =sin=xsin=xdx
A j02 2 2

1,41
= ZIO E(l—cos 7X)dx

1{ 1 . T
=—| X——SIN7xX
8 T 0

- : .n
u(x,t)=> " [-nzA, sinnzt+nzB, cosnzt]sin 7” X

U, (x,0) =—sin % X=nzB, sin%x
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nzB, = gr—sinzxsinn—”dx
47 2 2

= —lrsinzxsinn—ﬂdx
270 2 2

Solution exists whenn=1

7B, = Zr—sinfxsin Zxdx
47 2 2

= —%I:(l—cowrx)dx

1{ 1 . T
=——| X——SIhnxr
4 T 0

~u(xb) :%cosmsin%x—isin ntsin%x
T

Question 6
Suppose we pluck a string by pulling it upward and release it from rest. We model the initial
displacement in an idealized manner; using a triangular function defined on 0<x<1. Since
the string is released from rest, its initial velocity is zero. Therefore, the problem to be solved
is:

u, (x,t) =c’u, (xt), 0<x=<1, 0<t=<o
uO,t)=u(l,t)=0, 0<t<owo
|

ZTX ,OSXSE

2UyX

u(x,0)=

-%,1
2
u,(x,00=0, 0<x<lI
The positive constant u, is the maximum initial string.
Let u(x,t) = X(X)T (t)

u, (x,t) =c’u, (x1t)
XT =c¢*XT

T .

T

— bl
~ (separable)



Casel: k=212
X_":;L?

X

X =A%X
m? = °
m=+4

o X = Ae™ +Be ™™

From BCs:

u(0,t)=0

0=A+B ... (1)
u@t)=0

0=Ae"+Be™ ................ 2

Comparing (1) and (2), A=B=0
. No eigenvalue for k = A

From BCs:
u(0,t)=0
0=C+D(0)
C=0

u@,t)=0

0=C+D()

0=0+D(1)

D=0

. No eigenvalue for k = A% because C=D =0
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. X =EcosAx+FsinAx

From BCs:
u(o,t)=0
0=E+F(0)
E=0

u@t)=0
0=EcosA+Fsind
0=(0)cosA+FsinA

Fsini=0
F =0, otherwise trivial solution.

sini=0
A=n2x3r,..

A, =nm;, n=12.3,..
Eigenvalues, A4, =nx
X, =Fsinnzx

For time equation, k =—A1°

T _ 52
c’T

T =-2%T
m? =-1%c?
m=tAci

T, =GcoscAt+HsincAt
T, =Gcoscnzt + H sincnzt

un = XnTn
= Fsinnzx[Gcoscnzt + H sincnt |

=sinnzx[ A, coscnzt+ B sincnzt]
Where A, =FG and B, = FH

u(x,t)y=>"" sinnzx[ A, coscnzt+B, sincnzt]
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From ICS:
2u,x 0<x<—

I
2U X

u(x,0)=

L =1 (from boundary condition)

2 15 2UgX . 2 (1 2U,X
=—|2—sinnzxdx+— 2
A |IO | |I'2 |

(I —x)sinnzxdx

8u,
= cosnz
nz

_ 8y,
n272'2

D"

8U, —= 1 .
su(xt) = E—ZOZHZOF(—l)” coscnztsinnzx
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