REVIEW ON LINEAR ALGEBRA

CHAPTER FIVE

COMPLEX NUMBERS

5.0 Introduction

In solving quadratic equations we notice that there are cases when we can obtain real different
roots or repeated roots. However there are times when no real roots can be obtained. In this case
we need complex numbers

Complex numbers are useful abstract quantities that can be used in calculations and result in
physically meaningful solutions. Complex numbers are used in a number of fields, including:
engineering, electromagnetism, quantum physics, applied mathematics, and chaos theory.

5.1 Imaginary numbers

Consider, x* =-9.
This equation has no real solution. To solve the equation, we will introduce an imaginary
number;

Definition 5.1 (Imaginary Number)

The imaginary number i is defined as

i2=-1ori=+-1

Using the definition, we will get,

x* =-9

X =27-9
= +9-1
= 43I
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52  Complex Numbers
If the real numbers and the imaginary numbers are combined with the operation of addition or

subtraction, a number is formed, called the complex numbers.
For example: 3+4i,7—5i,—-1+3i,—1—4i
Definition 5.2 (Complex Numbers)
If z is a complex number, then it can be expressed in the form
Z=X+ly,
where x,yeR and i=+-1.
The real part of the complex number z is x.
The imaginary part of the complex number z is y. Or frequently represented as Re(z) =x and

Im(2)=y.

5.2.1 Argand Diagram
We can graph complex numbers using an Argand Diagram.

Y =1m(2)

Z=X+YVyi

X = Re(2)

A
v

5.2.2 Equality of 2 Complex Numbers
Giventhat z =x +iy, and z, =X, +iy, where z,,z,C.
Two complex numbers are equal if and only if the real parts and the imaginary parts are

respectively equal.
So,if z,=2,, then x, =x, and y, =,.
5.3  Algebraic Operations on Complex Numbers
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53.1 Addition and subtraction

If z, =x +iy, and z, =X, +iy, are two complex numbers, then

2,12, = %) +i(y, £Y,)

5.3.2 Multiplication
If z =x +1y, and z, =X, +1y, are two complex numbers, and k is a constant, then
(1) 7,[z, = (% +iy,)(X, +1y,)
= (%% = Y1 ¥,) +1 (%Y, +%Y,)

(i) kz, =kx +iky,

5.3.3 Complex Conjugate

If z=x+1iy then the conjugate of z is denoted as Z = x—1iy.

Note that 27 = (X +iy)(x —iy) = X* + y* € R.

5.3.4 Division
If we are dividing the complex number, the denominator must be converted to a real number.

In order to do that, multiply both the denominator and numerator by complex conjugate of the
denominator.

ﬁ: X1+iY1 sz_iyz

Z, Xl X =W,

_ (XX + 1Y) 1 (XY, +X1)
(%)" +(y,)*
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5.4 Polar Form of Complex Numbers

A

e The distance OP, is known as the modulus of z, and is denoted as|z|.
=z =r=yx+y’
e The argument of z (arg z), @ is the angle between the positive x-axis and the line OP.

tanezz
X

e @ is known as the principle argument if -z <6<r.
e From the diagram above, we can see that
Xx=rcosd and y=rsiné.

Then, z can be written as

Z=X+Iy
=rcos@+irsind
=r(cosd +isin )
=rcisé

54.1
Multiplication/ Division of complex Numbers In Polar Coordinates

If z, =r(cosg +ising) and z,=r,(cosd,+ising,)

Multiplication: z,z, = r,r,[cos (6, +6,) +isin (6, +6,)]

Division: 2 = i[cos (6,-6,)+isin(6,-6,)]
r

ZZ 2
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55 Eulers’s Formula

Definition 5.3

Euler’s formula states that

e'’ =cos@+isind

It follows that

ing

e'" =cosn@+isinn@
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Form the definition, if z is any complex number with modulus r and Arg(z) =8, then

z=rcos@+irsing
=r(cos@+isinb)

=re'’

5.5.1 Euler’s Formula And The n-th Power Of A Complex Number
We know that a complex number can be expressas z=re'?, then

z2 — rze i20
23 — rSE i30
Z4 — r4e i40
Zn — r.ne ing

5.5.2 Euler’s Formula And The n-th Roots Of A Complex Number
The n-th roots of a complex number can be find using the Euler’s formula. Note that

i (6+2k7)

Z=re
Then,
1 1 i(6+2k”j
z2=r2 %2/, for
1 1 i(€+2k”j
z8=r3e " */,  for
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1 1 i[6’+2kn)
z2"=r"e + " /| for k=0,1,2,...,n-1

5.6 De Moivre’s Theorem

Definition 5.8 (De Moivre’s Theorem)
If z=rcos@+irsing and neR, then z" =r"(cosn@+isinno).
De Moivre ‘s theorem also can be used to find all of the nth roots of any number.

If z" =r(cosé@+isind), then

1
z=[r(cos@+isinH)]"

1{ (49+2k7zj . (9+2k7zﬂ
=r"| CoS +1SIn
n n

Substituting k=0,1,2,..., n—1 yields the nth roots of the given complex number.

fork=0,1,2,...

, h=1.
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