CHAPTER FIVE
FUNCTIONS AND GRAPHS

Introduction

In this chapter, the important of functions are discussed. We will learn how to find the
range of a function and also how to sketch the graph of some functions. This topic will
introduce the composite functions and how to calculate the composite functions. Finally,

the inverse functions will be discussed based on the given functions.

Objectives
After completing these tutorials, students should be able to:

o f

draw the arrow diagram for the given function, ' and find the range of f

* Sketch the graph for the given function in order to find the range of the function.
* Find the domain for the given function so that it is defined.

* Define the composite function (fog), if the functions f and g are given.

Define the function g, if the function f and the composite function (fog) are given.

* Find the inverse of the given function and state its domain.

Sketch the graph of each of the given functions and its inverse.
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Question 1
If A= {1' 2,3 4} and B is a set of all integers, draw the arrow diagram showing the function
F1X—=>X=3 \yhere XA What is the range of | .

Solution:
A B Range = {-2-1,01
1 > -2
2 > -1
3 > 0
4 > 1
Question 2
y=x"-1¢ —3<X<2 oo
Sketch the graph for . Find its range.
Solution: 4
x=-3,-2,-1,0,1,2
y=8, 3,0,-10,3
~.range =[-1,8]
-1 1 g
-1
Question 3

Given that f (x) =x*—3x. Evaluate f(1), f(2), f(-1).

Solution:
f)=@)*-30)=-2
f(2)=(2)*-3(2)=-2
f(-D)=(-1°-3(-D)=4
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Question 4

X
For what value of x is the function F(x) = (x—1)(x-3) defined?

Solution:

All values of X€R

except x=1and x = 3.

Question 5
For what value of x is the function | (X)=(X=5)(X=7) neqative?. For what value of x is

the function 9() =V(X=9)(X=7) defined?

Solution: A
f(xX)=(Xx=5)(x-7)
=x*-12x+35

~.5(x(7 = the function f(x) is negative

9(x) = J(x-5)(x-7) 7 g
S X<5 or x>7, g(x) is defined. 5 /// 7

Question 6
If f(x)=2x, g(x)=x-1, h(x)=x?, find:

@ (fog)(x)

Solution:

(fog)(x) = f(g(x))
= f(x-1)
=2(x-1)
=2X -2

(b)  (fogoh)(x)

Solution

(fogoh)(x) = f(g(hz(X)))
f(ggx )
f(x*-1)

2 (x-1)
2x2-2



(©)

(d)

(€)

(f)

(f?09)(X)

Solution:

(FZ09)(x) = f(f(g(x)))
= f(f(x-1)
= f(2(x-1))
= 4 (x-1)

@oh*)(Q)

Solution:

(goh”)(x) = g(h(h(ZX)))
= g(h(c))
= g
=x"-1

(goh®)2)= (2*-1=15
(fog)(x+1)
Solution:

(fog)(x) = 2(x-1)
(fog)(x+1) = 2((x+1)-1)

= 2X

(gog)(a-1)

Solution:

(go9g)(a-1) = (gog)(x) = g(9(x))
= g (x-1)
=(x-1)-1
=X-2

(gog)(a-1) = (a-1)-2

=a-3
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Question 7
If f(x)=2x-3 and (fog)(x) =2x+1, find g(x).

Solution:

(fog)(x) = f(g(x)) =2x+1
2(g(x))—3=2x+1
2(g(x))=2x+4

2X+4
900 ="

=X+2

Question 8
If f(x)=x-1 and (gof )(x) =3+2x—x?, find g(x).

Solution:
(gof )(x) =3+ 2x — X
g(f(x))=3+2x-x?
g(x-1)=3+2x-x*
Assume that y=x-1=> x=y+1
g(y)=3+2(y+1)~(y+1)°
=3+2y+2-y*-2y-1
=5-y*-1
:4_y2
L g(X)=4-x°

Question 9
The function f and the composite function (fog) are defined as follows:

f:x—x*+1 x>0 and(fog):x — x> —2x+2, x>1. Define the function g

Solution:
(fog)(x) = f(g(x)) = x* —2x+2. Given that f(x)=x"+1

S F(90)) =(g(X)? +1=x>—2x+2
(9(x))? =x*-2x+1
= (x-1)*
g(x)=x-1

55



Question 10
The function g and the composite fucntion (gof) are defined as follows:
g:x—Inx, x)0 and(gof): x — 2In(x =1), x)—1. Define the function f

Solution:
(gof )(x) = g(f(x)) =2In(x+1). Given that g(x) =Inx
In(f(x)) =2In(x+1)
In(f (x)) = In(x+1)?
f(x)=(x+1)>°

Question 11
Find the inverse of each of the following functions, stating its domain.

@ fx)=x*+1L x>0

Solution:
f(x)=x*+1 x>0
y=x"+1

x> =y-1

N

2 y)=y-1

f1(x)=x-1; x>1
M) f(x)=(x-1% x>1
Solution:
f(x)=(x-17% x>1
y=(x-1°
Jy=(x-1)
X=4Yy+1

fy) =y +1
fH(x) =X +1 x>0
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(d)

g(x) =(x—2)(x—4);x>3

Solution:

g(x) = (x—2)(x—4);x>3
y=(x-2)(x—4)
y=x"—6Xx+8
y=(x-3)"-1
y+1=(x-3)
X-3=%y+1
X=3=4y+1
X=4Yy+1+3

g (y)=y+1+3

g7t (xX) =/x+1+3; x>-1

2
h(X)=——;x#3
(X) 3

Solution:

2
h(x) =x_—3
2
x-3
yx—-3y =2
_2+3y

y

:E+3

y
h(y)=2+3
y

y:

<

X =

h*@):g+3;x¢0
X

S7



(€) h(x):%;x:&Z

Solution:
h(x) = XLZ; X # 2
X—2

_X+2
X—2
YX—2y =X+2
YX—X=2+42y
x(y-1)=2+2y
o 242y
y-1
_ 242
hi(y) =2
y-1

hfl(x): 2+21X’X¢1

Question 12

The function f and g are defined by:
f:x—>2(x+3)°-5 x<-3

g:x—>,/XT+5;x2—5

(@) Show that f is one-to-one function and find an expression for
Solution:
f(x)=2(x+3)*-5;

=2(x* +6x+9)-5
=2x*+12x+18-5

X<-3

=2x* +12x+13
2(x, +3)% —5=2(x, +3)*~5
(X, +3)° = (x, +3)
(x,+3) =(x,+3)
X =%

F20x).
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f(x)=2(x+3)*-5
y=2(x+3)°-5
2(x+3)°=y+5
(x+3)7 = Y2

X+3==

X=— /yTJrS_g {Given X<-3 = x+3<0..Choose— yTJrS}

2
y+s
2

(b) Find an expression for (gof)(x)

(gof)(x) = g(f (x))
9(2(x+3)°-5)

(2(x+3)° -5)+5

2
«f(x+3)2 {x<-3= x-3<0}

(x+3)

Il
I+




Question 13
The function f and g are defined by:

fix—>x% xeR
g:x—>2-3x;xeR

@ (fog)(x)

Solution:

(fog)(x) = f(9(x))
= f(2-3x)
=(2-3x)’; xeR

(b) (fog)™(x)

Solution:
(fog)(x) = (2-3x)°
y =(2-3%)°
2-3X = y%
—3X= y}/3 -2

%
x=2Y 2

2—y%
3

2-x

(fog)™(y) =

(fog)™*(x) = xeR
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Question 14

Sketch the graph of each of the following functions and its inverse.
@ f(xX)=x+3, xeR y=x

f =

Solution: y
A .
e f -1
. -

(b) f(X)=2x-1, xeR

Solution:
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© f(X)=x-D(x+1); x>0

Solution:

(d) 2 s 3
f(x)=x +3x—4,x>—§ f y =X

Solution:

v




