CHAPTER SEVEN

POLYNOMIALS

Introduction

In this chapter we will discuss about the algebraic operations on polynomial which are
addition, subtraction, multiplication and this topic will introduce to long and synthetic
division. Furthermore we will learn about remainder theorem, factor theorem and root
and zeros of polynomial. Finally partial fractions will be discussed which involved linear
factor in denominator, quadratic factor in denominator and repeated factor in

denominator.

Objectives
After completing these tutorials, students should be able to:

¢+ Find the quotient and remainder of the given function.

% Find the remainder when the functions are divided by the linear factors indicated.

% Find the third degree polynomial by using Cramer’s Rule.

% Determine whether the given linear functions are factors of the given
polynomials.

% Express the given proper algebraic fractions as partial fractions.

% Express the given improper algebraic fractions as partial fractions.



Question 1

Find the quotient and remainder of the following function by
I. Long division
ii. Synthetic division

Write the answer in the form P(x) = Q(X)D(x) + R(X)

(a) X3 —27
X—3
Solution:
I. Long division
x> +3x+9
X—3 ) x* +0x* +0x - 27
—(x* -3x%)
3x* +0x—27
—(3x* —9x)
Ox — 27
— (9% —27)
0
ii. Synthetic division
3 1 0 0 =27
(+) 3 9 27

1 3 9 0

s P(X) = (X* +3x+9)(x—3)

(b) 4% +2x% —x+1
X+2
Solution:
iii. Long division
—4x% +10x—21
X+ 2 )—4x3 +2x% —x+1
— (—4x% -8x%)

10x% — x+1

— (10x* + 20x)
—21x+1
— (= 21x-42)

43



Iv. Synthetic division

78

2| 4 2 1
(+) 8 20 42
4 10 21| 43

Q(x) = —4x* +10x - 21
R(x) =43;D(x) = x+2
o P(X) = (4x% +10x — 21)(x + 2) + 43

Question 2

Find the remainder when the following functions are divided by the linear factors

indicated.
(a) X3 —2x+4:x—1

Solution:
sa=1

P =(1)°—2(1)+4=3
(b) x* —3x% +5x;2x -1

Solution:

1
Ja=—
2

CROROREE
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Question 3
When P(x) = 2x® + kx* + k*x +13 is divided by (x — k), the remainder is 269. Find the
value of k.

Solution:

P(x) = 2x° +kx* +k*x +13
D(x)=(x—-k) >a=k

R(x) = 269

2(k)® +k(k)* +k?(k) +13 =269
2k +k* +k®+13=269

4k*® = 256

k® =64

k=3/64=4

Question 4
The remainder of P(x) = x*> —2x+ r when it is divided by (x—1), is the same as the

remainder when Q(X) = 2x® + x —r is divided (2x+1), find the value of r.

Solution:
P(x)=x*-2x+r;D,(X)=(x-1) »>a, =1
Q(X) =2x° + x—1;D, (X) = (2x+1) - &, :_%

So,
X2 =2X+r=2x3+x-r

1-2+4r=———-=- r
8 2
2r:—§+1
8



Question 5
Find the third degree polynomial P(x) if P(1) = P(-2) =0,P(-1) =4 and P(2) =28

Solution:
P =0;P(-1) =4;P(-2) =0;P(2) = 28.

Third degree polynomial (ax® +bx* +cx+d)

So
a()®+bM)*+c@)+d =0
a(-2)® +b(-2)* +c(-2)+d =0
a(-1)° +b(-1)* +c(-1)+d =4
a(2)® +b(2)* +c(2)+d =28
then
a+b+c+d=0
—-8a_4b-2c+d =0
-a+b-c+d=4
8a+4b+2c+d =28
1 1 1 1|a 0
-8 4 -2 1|b 0
11 -1 1fc| |4
8 4 2 1jd 28
A X = B
Using the Cramer’s Rule
A =72
a:g§=$b:§§:¢c::§E:—&d::EE:—Z
72 72 72 72

233 +4x% —5x -2

Question 6
Determine whether the following linear functions are factors of the given polynomials.

(a) 2% +3X—4: X +1

Solution:

a=-1

P(-1) =2(-1)*+3(-1)-4=-5
(not a factor)
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(b) 2x* —x® —6x2 +5x —1:2x —1

Solution:
1
a=—
2

{243 (3] 43 )

(a factor)

Question 7
Given (x—1)and (x + 2) are factors of P(x) = 2x* —5x° + ax* + bx +8, find the values of a

and b. Hence factorize P(x) completely.

Solution:

P(x) = 2x* —5x> + ax® + bx +8

(x-)=a=1

2()* -51)°% +a(@)® +b()) +8=0
at+b=-5.................. (1)

(x+2)=>a=-2

2(-2)* —=5(-2)% +a(-2)* +b(-2) +8=0

2a—b=—40...........ccceiiii.. )
(2 +()
3a=-45
a=-15
a=-15in(1)
-15+b=-5
b=10
s.a=-15b=10

= P(x) = 2x* —5x® —15x* +10x +8
By synthetic division

11 2 -5 -15 10 8

(+) 2 3 18 -8

2|2 3 18 -8 |0
(+) 4 14 8
2 7 4 |0

P(x) = (2x* = 7x =& (X =1 (x+2) = (2x + 1) (x — 4)(x —=1)(x + 2)



Question 8
Express the following as partial fractions.

@ 5x +29
(x—4)(x+3)

Solution:

5x + 29 _ A N B
x=4)(x+3) (x-4) (x+3
5x+29  A(x+3)+B(x-4)
(x—4)(x+3)  (x—4)(x+3)
5x+29 = A(x+3)+B(x—4)
when x =-3
5(—3)+29 = A(-3+3)+B(-3-4)
7B=-14
B=-2
when x=4
54)+29=A(4+3)+B(4-4)
7TA=149
A=7

5x+29 7 2
(X=B(x+3) (x—4) (x+3)

(b) 18x -9
(X +2)(x—1)?

Solution:

18x -9 _ A N B N C
(x+2)(x-1)> (x+2) (x-1) (x-1?

18x—-9  A(x-1)°+B(x+2)(x—1)+C(x+2)

(x+2)(x-1)?% (X +2)(x-1)°

S 18x—9=A(X-1)? +B(X+2)(x-1) +C(x+2)
whenx =1

18(1) 9 = AL-1)2 + B(L+ 2)(1-1) + C(1+2)
9=3C

C=3

82
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when x =-2
18(-2)-9= A(-2-1)* +B(-2+2)(-2-1) + C(-2+2)
45=9A
A=-5
whenx =0
18(0)—9 = A(0—-1)? + B(0+2)(0-1) + C(0+2)
2B =10
B=5
18x -9 -5 5 3
0, = + +
(x+2)(x-1)* (x+2) (x-1) (x-1°*

X2 +4x+3
(X? +2x+2)?

Solution:

x?+4x+3 _ Ax+B N Cx+D
(X2 +2x+2)>  (X*+2x+2) (X*+2x+2)?
X* +4x+3 = (AX + B)(x* + 2x+2)* + (Cx + D)
X* +4x+3=Ax*+(2A+B)x* +(2A+2B +C)x+ (2B + D)
Compare the coefficient

A=0;

2A+B=1

B=1

2A+2B+C =4

C=2

2B+D =3

D=1

o X2 +4x+3 1 2x+1
”(x2+2x+2)2=(x2+2x+2)+(x2+2x+2)2




Question 9
Express the following improper algebraic fractions as partial fractions.

(a) 2% +3X+2
X2 +3X+2

Solution:
2x* +3x+2 _ 2X° +3x+2

X2 43x+2  (X+D(x+2)
by long division

2
X2 +3x+2)2x% +3x+ 2
2x2 +6X + 4
—-3Xx-2
_2x2+3x+2_2 (-3x—-2)
Tox243x+2 0 X2 +3x+2
—-3x-2 A B

= +
X>+3x+2  (x+1) (x+2)
-3x—-2=A(xX+2)+B(x+1)

when x = -2

B=-4

when x = -1

A=1

0,2)(22+3X+2:2+ 1 4
X" +3X+2 (x+1) (x+2)

(b) x3 -1

(X+1)(x-2)

Solution:

x*-1 x*-1

(X+D(x=2) Xx2—-x-2

X+1

NG —x—2>x3+0x2 +0x-1

—(x®=x*-2x)
x> +2x-1
—(x*=x-2)

3x+1
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L—(x+ T
(x+1)(x-2) - (X+1)(X_2)
3x+1 A B

N - +
(x+1)(x-2) (x+1) (x-2)
3x+1=A(x—2)+B(x+1)

when x=2=B=

when x=-1= A=

+ + !
3(x+1) 3(x—2)

3

S0, X—_l = (X +1)
(x+1)(x-2)

© x-ax
(x—2)(x+1)

Solution:
%3 _ 4x x® —4x

(x-2)(x+1F X’ -3x-2
By long division

1
x® —3x—-2)x® —4x
_(XS—SX—Z)
—X+2
X —4x N (=x+2)
(-2)(c+1f T (x-2)(x 1)
(—x+2) A B C

= = + *
(x=2)(x+D)*  (x=2) (x+1) (x+1°
—Xx+2=AX+1)?+B(x-2)(x+1)+C(x-2)
when x=-1C=-1
when x=2;A=0
when x=0;B =0
x® — 4x 1

ol

SO



