
CHAPTER SEVEN 

 

POLYNOMIALS 

 

Introduction  

In this chapter we will discuss about the algebraic operations on polynomial which are 

addition, subtraction, multiplication and this topic will introduce to long and synthetic 

division. Furthermore we will learn about remainder theorem, factor theorem and root 

and zeros of polynomial. Finally partial fractions will be discussed which involved linear 

factor in denominator, quadratic factor in denominator and repeated factor in 

denominator.  

 

Objectives 

After completing these tutorials, students should be able to: 

 

 Find the quotient and remainder of the given function. 

 Find the remainder when the functions are divided by the linear factors indicated. 

 Find the third degree polynomial by using Cramer’s Rule. 

 Determine whether the given linear functions are factors of the given 

polynomials. 

 Express the given proper algebraic fractions as partial fractions. 

 Express the given improper algebraic fractions as partial fractions. 
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Question 1 

Find the quotient and remainder of the following function by 

i. Long division 

ii. Synthetic division 

Write the answer in the form )()()()( xRxDxQxP   

 

(a) 

3

273





x

x
 

 

Solution: 

i. Long division 

                                    932  xx  

   x – 3 2700 23  xxx  

         )3( 23 xx   

            2703 2  xx  

        )93( 2 xx   

                                                        9x – 27  

    – (9x – 27) 

      0 

ii. Synthetic division 

 

       3       1 0 0 –27 

  (+)  3 9   27 

 

     1 3 9 0  

 

)3)(93()( 2  xxxxP  

 

(b) 

2

124 23





x

xxx
 

 

Solution: 

iii. Long division 

                                    21104 2  xx  

   x + 2 124 23  xxx  

         )84( 23 xx   

            110 2  xx  

        )2010( 2 xx   

                                                        – 21x+1  

    – (– 21x–42) 

              43 
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iv. Synthetic division 

 

       –2    –4 2 –1   1 

  (+)  8 –20   42 

 

     –4 10 –21   43  

 

43)2)(21104()(

2)(;43)(

21104)(

2

2







xxxxP

xxDxR

xxxQ

 

 

 

 

 

Question 2 

Find the remainder when the following functions are divided by the linear factors 

indicated. 

  

(a) 1;423  xxx  

 

Solution: 

34)1(2)1()1(

1

3 



P

a
 

 

(b) 12;53 34  xxxx  

 

Solution: 

16

35

2

1
5

2

1
3

2

1

2

1

2

1

34







































P

a
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Question 3 

When 132)( 223  xkkxxxP  is divided by )( kx  , the remainder is 269. Find the 

value of k. 

 

 Solution: 

269)(

)()(

132)( 223







xR

kakxxD

xkkxxxP

 

464

64

2564

269132

26913)()()(2

3

3

3

333

223











k

k

k

kkk

kkkkk

 

 

 

Question 4 

The remainder of rxxxP  2)( 3 when it is divided by )1( x , is the same as the 

remainder when rxxxQ  32)( is divided )12( x , find the value of r. 

 

 Solution: 

2

1
)12()(;2)(

1)1()(;2)(

22

3

11

3





axxDrxxxQ

axxDrxxxP

 

So, 

            

8

1

1
8

6
2

2

1

8

2
21

2

1

2

1
2)1(2)1(

22

3

3

33




























r

r

rr

rr

rxxrxx

 

 

 

 

 

 

 

 



 80 

Question 5 

Find the third degree polynomial )(xP  if 4)1(,0)2()1(  PPP  and 28)2( P  

 

 Solution: 

.28)2(;0)2(;4)1(;0)1(  PPPP  

Third degree polynomial ( dcxbxax  23 ) 

So 

         

28)2()2()2(

4)1()1()1(

0)2()2()2(

0)1()1()1(

23

23

23

23









dcba

dcba

dcba

dcba

 

then 

         





































































28

4

0

0

1248

1111

1248

1111

28248

4

024_8

0

d

c

b

a

dcba

dcba

dcba

dcba

 

                    A                x    =   B 

Using the Cramer’s Rule 

2543

2
72

144
;5

72

360
;4

72

288
;3

72

216

72

23 











xxx

dcba

A

 

 

 

Question 6 

Determine whether the following linear functions are factors of the given polynomials. 

 

(a) 1;432 2  xxx  

 

Solution: 

54)1(3)1(2)1(

1

2 



P

a
   

(not a factor)  

 

 

 



 81 

(b) 12;1562 234  xxxxx  

 

Solution: 

0
8

8201211

2

1
5

2

1
6

2

1

2

1
2

2

1

2

1

234



















































P

a

 

(a factor) 

 

 

Question 7 

Given )1( x and )2( x are factors of 852)( 234  bxaxxxxP , find the values of a 

and b. Hence factorize P(x) completely. 

 

 Solution: 

852)( 234  bxaxxxxP  

08)1()1()1(5)1(2

1)1(

234 



ba

ax
 

                                       5ba  ………………. (1) 

08)2()2()2(5)2(2

2)2(

234 



ba

ax
 

                                                 402 ba ………………………(2) 

(2) + (1) 

                                    
15

453





a

a
 

15a  in (1) 

                                
10

515





b

b
 

10;15  ba  

8101552)( 234  xxxxxP  

 

By synthetic division 

 

         1      2 –5 –15   10         8 

  (+)    2        –3 –18       –8 

 

       –2      2 –3 –18  –8    0 

                         (+)                  –4          14         8 

                         

                                       2       –7          –4         0 

 

)2)(1)(4)(12()2)(1)(472()( 2  xxxxxxxxxP  
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Question 8 

Express the following as partial fractions. 

 

(a) 

)3)(4(

295





xx

x
 

 

Solution:  

 

)4()3(295

)3)(4(

)4()3(

)3)(4(

295

)3()4()3)(4(

295






















xBxAx

xx

xBxA

xx

x

x

B

x

A

xx

x

 

when 3x  

   

2

147

)43(332935







B

B

BA

 

when 4x  

7

497

)44()34(29)4(5







A

A

BA

 

So,   
)3(

2

)4(

7

)3)(4(

295











xxxx

x
 

 

(b) 
2)1)(2(

918





xx

x
 

 

Solution: 

   

)2()1)(2()1(918

)1)(2(

)2()1)(2()1(

)1)(2(

918

)1()1()2()1)(2(

918

2

2

2

2

22

























xCxxBxAx

xx

xCxxBxA

xx

x

x

C

x

B

x

A

xx

x

 

when x = 1 

3

39

)21()11)(21()11(9)1(18 2







C

C

CBA

 

 

 



 83 

when 2x  

5

945

)22()12)(22()12(9)2(18 2







A

A

CBA

 

when x = 0 

5

102

)20()10)(20()10(9)0(18 2







B

B

CBA

 

So, 
22 )1(

3

)1(

5

)2(

5

)1)(2(

918
















xxxxx

x
 

 

(c) 

22

2

)22(

34





xx

xx
 

 

Solution: 

22222

2

232

222

22222

2

)22(

12

)22(

1

)22(

34

;1

32

;2

422

;1

12

0

tcoefficien  theCompare

)2()22()2(34

)()22)((34

)22()22()22(

34














































xx

x

xxxx

xx

D

DB

C

CBA

B

BA

; A

DBxCBAxBAAxxx

DCxxxBAxxx

xx

DCx

xx

BAx

xx

xx
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Question 9 

Express the following improper algebraic fractions as partial fractions. 

  

(a) 

23

232
2

2





xx

xx
 

 

Solution: 

)2)(1(

232

23

232 2

2

2










xx

xx

xx

xx
 

by long division 

                                2      

 

462

23223

2

22





xx

xxxx  

                                       23  x  

)2(

4

)1(

1
2

23

232
 so,

1

1when 

4

2when 

)1()2(23

)2()1(23

23

23

)23(
2

23

232

2

2

2

22

2










































xxxx

xx

A

x

B

x

xBxAx

x

B

x

A

xx

x

xx

x

xx

xx

 

                    

(b) 

)2)(1(

13





xx

x
 

 

Solution: 

2

1

)2)(1(

1
2

33










xx

x

xx

x
 

                                            1x  

    1002 232  xxxxx  

                 )2( 23 xxx    

                  122  xx  

              )2( 2  xx  

                                                            13 x  
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  

  
)1()2(13

)2()1(21

13

21

13
)1(

)2)(1(

13























xBxAx

x

B

x

A

xx

x

xx

x
x

xx

x

 

when  
3

7
2  Bx  

when 
3

2
1  Ax  

so, 
)2(3

7

)1(3

2
)1(

)2)(1(

13











xx
x

xx

x
 

 

(c) 

 2

3

1)2(

4





xx

xx
 

 

Solution: 

  23

4

1)2(

4
3

3

2

3










xx

xx

xx

xx
 

By long division 

                                            1 

    xxxx 423 33   

                 )23( 3  xx   

                 2 x  

 

)2()1)(2()1(2

)1()1()2()1)(2(

)2(

)1)(2(

)2(
1

1)2(

4

2

22

22

3


























xCxxBxAx

x

C

x

B

x

A

xx

x

xx

x

xx

xx

 

when 1;1  Cx  

when 0;2  Ax  

when 0;0  Bx  

so, 
  22

3

)1(

1
1

1)2(

4








xxx

xx
 

 

 

 

 

 

 


